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Abstract

Most central banks currently implement monetary policy by targeting a short-term in-
terest rate. This paper asks: “What is the optimal form for such interest rate targeting,
given the objectives facing central banks?” We find the optimal rule is for the central bank
to change the target rate whenever the deviation between its preferred rate and the current
target rate reaches some critical level, and in this case the target rate is changed by a discrete
amount in the direction of its preferred rate. Despite the simplicity of this rule, we are able
to replicate a number of puzzling features of interest rate targeting observed in practice.
Policy implications are drawn for the model calibrated to United States data.
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1 Introduction

Most central banks currently use interest rate targets as their operating objective in the im-
plementation of monetary policy. Central banks in Australia, Canada, Japan, and the United
States all target an overnight interbank interest rate, while in most other countries short-term
interest rates (tender rates) are targeted. This paper asks: “What is the optimal form for such
interest rate targeting, given the objectives facing central banks?” The question is motivated by
the practices of the Federal Reserve, which has long targeted the federal funds rate, either di-
rectly or indirectly. Goodfriend (1991) suggests the Fed targets the federal funds rate to achieve
its ultimate policy objectives, but in doing so it is careful not to “whipsaw the market” and waits
till sufficient information has been accumulated before changing the target rate. In particular,
he notes that adjustments to the target rate are made at irregular intervals in relatively small
steps. Some target changes occur in relatively rapid succession, but when this occurs the changes
are in the same direction; target changes are not soon reversed. He also suggests target changes

are essentially unpredictable at forecast horizons longer than a month or two. Rudebusch (1995)
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has confirmed these features empirically for two periods of explicit funds rate targeting: from
September 1974 to September 1979 and from March 1984 to September 1992. He shows that
target changes are conducted in small standardized steps with an approximate equality in the
size of increases and decreases,! that in the first few weeks after a target change the Fed is fairly
likely to change the target again in the same direction (but very unlikely to reverse its previous
change), while after five weeks without a change there is only a small (but equal) likelihood of
an increase or decrease in the target rate.

These practices are not unique to the Federal Reserve. The Bank for International Settle-
ments (1998, p. 68) examines twelve industrial countries that target interest rates and finds that
central banks generally move interest rates several times in the same direction before reversing
policy, and that the interval between policy adjustments is typically considerably longer when
the direction is changed. The Bank for International Settlements’ data ends in March 1998,
but start dates vary across countries. Using consistent starting dates and longer sample periods
for five of these countries, Goodhart (1997) reports similar findings. Given the range of sample
periods and countries considered, these findings span a variety of institutional and macroeco-
nomic environments, suggesting a common explanation may be appropriate. Yet, despite the
prevalence of interest rate targeting and the important role that it plays in monetary policy
implementation, no model exists which explains this set of puzzling facts.? This paper provides
such a model.

The model we develop is based on the following assumptions. The central bank at each point
in time has a preferred level of some short-term interest rate which is determined by its ultimate
objectives (such as inflation and output). We take the simplest case and assume this preferred
rate evolves according to driftless Brownian motion. This assumption shows that we do not need
to assume mean-reversion in the preferred rate in order to generate positive autocorrelation in
target rate changes. The central bank is assumed to suffer flow costs which are quadratic in the
difference between the actual interest rate and this preferred level. With just this assumption,
the central bank’s optimal policy would be to make the target rate exactly track its preferred
rate, thus adjusting its target rate by infinitesimal amounts at every point in time. However, we

do not observe this in practice. Instead, we observe infrequent discrete changes which suggest

'"Rudebusch also finds empirical evidence of equality in the time between two positive changes and the time
between two negative changes, as well as equality in the time between an increase followed by a decrease and the

time between a decrease followed by an increase.
2A recent literature, surveyed by Sack and Weiland (1999), explains why central banks may want to smooth

interest rates. For instance, Woodford (1998) shows that with precommitment, it is socially optimal to smooth
interest rates due to the forward-looking behavior of market participants. This allows the Fed to achieve a desired
change in long-term rates, with lower fluctuations in short-term rates. A more gradualist interest rate policy can
also be the optimal response to various types of uncertainty facing central banks. Sack (1998) shows that interest
rate smoothing is optimal in the presence of uncertainty about the parameters of the central bank’s model, while
Orphanides (1998) shows that optimal policy involves a less aggressive response to changes in macroeconomic
variables when measurement error is taken into account. In our view, while this literature provides a justification
for interest rate smoothing, it does not explain the form interest rate adjustments should take — for instance,

should interest rates be adjusted in small steps or by a continuous adjustment?



the central bank faces some costs to changing its interest rate target.

We think of these adjustment costs as arising from the central bank’s additional role of
maintaining orderly financial markets. Target changes may induce adverse market reactions in
the form of difficulties in the banking sector (Goodfriend 1987 and Cukierman 1991), unwanted
fluctutations in long-term interest rates (Goodfriend 1991), or more general credit market diffi-
culties (for example, dramatic movements in foreign exchange and stock markets).®> The larger
the target change the greater the likelihood that financial market stress will arise. However,
even a very small target change can give rise to financial market disruptions, especially if mar-
kets are sensitive to merely the direction of a target change. Thus we assume both a fixed and
proportional adjustment cost.

Given the different types of costs that the central bank faces, we derive the optimal form of
the interest rate targeting rule, assuming the central bank chooses the size and timing of target
changes to minimize the expected present discounted value of its total costs. The optimal rule
is for the central bank to change the target rate whenever the deviation between its preferred
rate and the current target rate reaches some critical level, and in this case the target rate is
changed by a discrete amount in the direction of its preferred rate. Such a policy economizes
on costly adjustments by avoiding changes in target rates that are likely to soon be reversed.
This accords well with the observation by Goodfriend (1991) that the Fed waits till sufficient
information has been accumulated before changing the target rate, being careful not to whipsaw
the market. When the preferred rate is close to the target rate, the Fed will delay a target
change, rather than unsettle the market, taking advantage of the fact many times small changes
in the preferred rate will be undone by themselves.

Despite the simplicity of the optimal rule, we are able to replicate many observed features
of interest rate targeting. Because of the fixed adjustment cost, target changes are discrete
and infrequent. The symmetric model set-up gives rise to equality in the size of increases
and decreases in the target rate, equality in the time between two positive changes and the
time between two negative changes, and equality in the time between an increase followed by
a decrease and the time between a decrease followed by an increase. Because of proportional
adjustment costs, the target rate will only move part of the way towards the preferred rate.
This implies “small” target changes. This also implies that the next target change is likely to
be in the same direction (persistence), the average time between reversals is greater than the
average time between continuations, and the most likely time for a target change in the same
direction as the last one is some short period after the last target change. However, once some
time has passed without a subsequent target change, the likelihood that the deviation between
the preferred rate and the target rate is still close to the critical level diminishes. Thus, we find

reversals become more likely as the time elapsed since the last target change becomes large. In

3In the same spirit, a literature on central bank secrecy suggests that the Fed’s desire to smooth interest rates
may explain secrecy over its policy direction; see, for example, Goodfriend (1986) and Dotsey (1987). The idea
is that the market overreacts when the Fed releases new information and, since the Fed dislikes wild swings in

interest rates, it finds it costly to reveal such information.



the limit, reversals and continuations become equally likely, so that the direction of the next
target change becomes unpredictable.

We calibrate our model to data on federal funds rate target changes for the United States.
Costs implied by the model seem plausible — fixed costs represent less than 3% of the total
adjustment costs associated with changing the target rate by its average amount (23.9 basis
points). Total adjustment costs from such a change are equivalent to allowing the target rate
to deviate from the preferred rate by 50 basis points for around two months. We find that total
adjustment costs can proxy the degree of central bank interest rate smoothing, providing us with
a novel way to uncover a central bank’s interest rate smoothing tendencies. We also address the
popular notion that central banks act “too little, too late” (see for instance, Goodhart 1997,
p. 1). In our model, central banks act rationally, given the costs they perceive. However, to
the extent central banks over-estimate adjustment costs, our analysis suggests they compromise
their ultimate objectives. By moving the target rate to immediately reflect any movement in
their preferred rate, they could reduce the average deviation between the preferred and the
target rate by 35 basis points.

The rest of the paper is organized as follows. Section 2 presents our model of interest rate
targeting, deriving the optimal targeting rule, as well as a number of properties of the implied
target rate. In Section 3, the hazard function of target changes is constructed, comparative
static results evaluated, and some policy implications considered using the model calibrated to
United States data. Section 4 concludes with a discussion of some possible modifications to the

model and some potential applications.

2 A Model of Interest Rate Targeting

The following sections form the core of the paper. Section 2.1 lays out our model of interest
rate targeting, motivating each of the assumptions. Given this model, Section 2.2 derives the
optimal form of interest rate targeting. Section 2.3 then analyzes the resulting process for the

target rate, showing that the process gives rise to the stylized facts of interest rate targeting.

2.1 The Model Set-Up

Consider the example of a central bank targeting a particular interest rate. We are interested
in when and by how much it changes its target rate. We start by supposing the Bank has a
preferred level of the target rate at each point in time, which takes into account all relevant
factors, except any costs of changing the target rate itself. We assume the process for this
preferred level can be approximated by driftless Brownian motion. This assumption is made
primarily for mathematical tractability, but it can be motivated in other ways. One motivation
of this assumption is Mankiw’s (1987) optimal inflation tax theory. He applies Barro’s (1979)
optimal tax-smoothing approach to the situation in which government revenue comes not only
from income and sales tax, but also from printing new money (seigniorage). He uses this to

explain why the Fed may want to induce a random walk in nominal interest rates. According



to this view, expected deadweight losses are minimized by maintaining expected constancy in
both the goods tax rate and the nominal interest rate. Another motivation for our assumption
is that it is difficult to reject empirically that short-term interest rates follow a driftless random
walk.? This has led others to use the random walk assumption in theoretical work; for instance,
Barro (1989) assumes a target interest rate which follows a random walk, noting that “In fact,
even for short-term rates, a random walk is a pretty good description of the recent data” (p. 6).
An alternative to the random walk approach, motivated by the observation that target changes
themselves appear to be positively autocorrelated, would be to allow mean-reversion in the
preferred rate around an underlying Brownian motion process. Our approach shows such mean-
reversion is not needed to explain the observed persistence in target changes.

We suppose that, by choosing the level of the target rate, the central bank ties down the
(instantaneous) market interest rate at this same level. In practice, the market rate will deviate
from the target level due to transitory liquidity shocks. However, to the extent these can not be
affected by the central bank’s targeting policy, they will not alter the optimal form of interest
rate targeting. We denote by ¢, the difference between the central bank’s preferred level and
its target level. The central bank has the ability to change ; by changing the target rate; an
increase in the target rate lowers ;. Since we assume the preferred level evolves according to
driftless Brownian motion, it follows that as long as the target rate is not changed, ¢; evolves
according to the same process. That is, &; evolves according to de; = odz;, where dz; is the
increment of a Wiener process and o measures the volatility (assumed constant) of the preferred
rate. The central bank is assumed to suffer flow costs F'(e;)dt when its preferred level of interest
rates deviates from its target level of interest rates by &; for a period df. We assume quadratic
flow costs F(g;) = 2. These can be motivated by a standard loss function in which the central
bank faces quadratic loss from deviations from its ultimate objectives.

If the central bank changes the target rate by A, it incurs adjustment costs of C'(A), where
C(A) = f+c|A|. Thus, there are two types of adjustment cost — a fixed adjustment cost f that
is incurred whenever the target rate is changed, but which does not depend on the size of the
target change, and a proportional adjustment cost c¢|A|, which reflects that large target changes
will be more costly than small ones. As suggested by Goodfriend (1987), these adjustment costs
might arise because of the central bank’s additional role of maintaining orderly financial markets.
Target changes may induce disproportionate reactions from financial markets, possibly because
financial markets are excessively sensitive to new information from the central bank or because
new information may be misinterpreted.® The fixed adjustment cost, which reflects the fact that

even a small target change could unsettle markets, is likely to be relatively small. We assume the

‘Even if we reject empirically that the observed (targeted) interest rate has a unit root, the unobserved

preferred rate could still have a unit root.
5An alternative view of adjustment costs is that they reflect political and reputational constraints facing the

central bank. In this case, there will still be a fixed component to adjustment costs; the central bank may worry
that even the direction of a target change could lead to negative comments against the central bank, pressures
put on the bank’s chairman (through politicians or from within the bank itself), or changes in beliefs regarding

the bank’s competence. Implications of this alternative view are discussed in Section 3.4.



marginal adjustment cost is constant at c. This ensures that the bank cannot reduce adjustment
costs simply by dividing a single target change into a series of smaller changes that immediately
follow one another; this could be the case with increasing marginal adjustment costs. Absent
fixed adjustment costs, it also ensures that the bank cannot reduce adjustment costs simply by
combining successive target changes into one; this would be the case with decreasing marginal
adjustment costs. However, an increase in the target rate which is immediately offset by a

reduction in the target rate (whipsawing the markets) will still be costly with this specification.

2.2 The Optimal Adjustment Rule

This section begins with a formal description of a general interest rate targeting rule and the
associated cost function. Rather than study such general policies, we proceed by concentrating
on a family of very simple adjustment rules. The expected total cost function associated with
such rules is easily calculated. We take advantage of this, and obtain necessary conditions which
the best rule from this family must satisfy. We then prove the existence of a unique solution to
these necessary conditions. We conclude the section with our main result: no rule for interest
rate targeting, even of the general type described at the beginning of the section, achieves a
lower total expected cost than a particular simple adjustment rule, which we describe.

The central bank continuously monitors the discrepancy ¢ and intervenes when necessary to
change the target rate. Any given policy will generate an increasing sequence of stopping times
Ty <Tp <--- <T; <--- at which the target rate will be changed. At stopping time T;, the
central bank will change the target rate by some (possibly random) amount, say A;, which can
depend only on information available at time T;. If the central bank adopts the targeting policy

P characterized by the stopping times {7;} and target changes {A;}, the expected total cost is

J(g;P)=FE /OO e Pleldt + Zepri(f +clAi) |,
0 i>0
where the deviation between the preferred rate and the target rate is initially € and p > 0 is the
rate at which future costs are discounted by the central bank. The central bank will adjust the
target rate using a rule which minimizes this total cost.

We now describe a very simple adjustment rule and prove that a rule of this form is optimal.
The rule we consider is completely described by two constants, b and A, satisfying 0 < A < b.
As long as —b < & < b, the central bank leaves the target rate unchanged. If € > b, the central
bank immediately increases the target rate by the amount A + & — b, resetting the discrepancy
to b — A. Similarly, if ¢ < —b, the central bank immediately reduces the target rate by the
amount A — & — b, resetting the discrepancy to —b + A. Notice that the discrepancy never
leaves the interval [—b,b]. The target rate behaves in a particularly simple fashion. It is held

constant, except for discrete changes, all of the same magnitude. When the preferred rate

5The only exception to this rule involves behavior at time 0. If € is initially outside the interval [—b, b], the

target rate is immediately adjusted in order to bring the discrepancy back to +(b — A).



moves sufficiently far away from the target rate, the target rate is adjusted an amount A in the
direction of the preferred rate.

Let u(e) denote the expected total cost for such a policy. Suppose that —b < &; < b, and the
central bank leaves the target rate unchanged for a period of time dt. Its expected total cost

equals

t+dt
u(e) = Ey [/ e PDe2ds 4 e PMu(ea) |
t

comprising the sum of the expected flow cost over the next period of time dt and the expected

total cost from time t 4+ dt onwards, appropriately discounted. Using It6’s Lemma,
Efulerra)] = u(ed) + o™ (e0)dt + oldr).
Therefore, the expected total cost is
u(er) = £2dt + ule)) + %UQU"(et)dt — puler)dt + o(dt).
Taking the limit as dt — 0, and dropping the time subscript, shows that
e? + %Jzu”(s) —pu(e) =0, —b<e<b. (1)

Due to the symmetry of the adjustment policy and both the adjustment and flow cost functions,
together with the fact that ¢ evolves according to a driftless Brownian motion, a discrepancy of
—e must be exactly as costly as one of ¢; that is, u(¢) = u(—¢) for all e. The general solution
to (1) having this property is easily found to be

o £

u(e) = — + — + Acosh(\e),
() 2z (Ae)

where A2 = 2p/0? and A is an arbitrary constant. The expected total cost if the discrepancy is
initially € > b is
u(e) =ulb—A)+ f+c(A+e—b),

since in this case the central bank immediately resets the discrepancy to b — A by increasing the

target rate by A + ¢ — b. For similar reasons, the expected total cost if ¢ < —b is
u(e) =u(=b+A)+ f+c(A—e—0).
Combining these three results, we see that

u(=b+A)+ f+c(A—e—-0b), &<-=b,

o2 &2
u(e) = Z + > + Acosh(Ae), —b<e<b, (2)
ulb—A)+ f+c(A+e-0), b<e.

The constant A is determined by the requirement that u is continuous at ¢ = +b:

Ao+ (b- A?p )
= “cosh(Ab) — cosh(A(b — A)) (3)




Figure 1: Implementing the optimal adjustment rule
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As long as € € (—b,b), the policy parameters b and A only influence u(e) through A. Since

the coefficient on A, cosh(A¢), is always positive, the expected total cost for all € € (—b,b) can
be minimized by choosing the policy parameters which minimize A. Let the parameters b* and

A* describe such a rule. As shown in Appendix A, necessary conditions for optimality are
c=1u'(b* — A¥) (4)

and
c=u'(b"). (5)

These are the smooth-pasting conditions popularized by Dixit (1991, 1993). Theorem 1 proves
the existence of a unique solution to equations (3)—(5), and hence a unique optimal rule of this

simple type.”

Theorem 1 There exist constants b* and A*, satisfying 0 < A* < b*, such that equations (4)
and (5) are satisfied by the function u defined by (2) and (3). Moreover, this solution is unique.

We are now in a position to state our main result: No adjustment policy, no matter how

complicated, can achieve a lower expected total cost than the simple rule described in Theorem 1.

Theorem 2 There exists an optimal adjustment policy of the form: hold the target rate constant
if —b* < e < b*; reduce the target rate to reset the discrepancy to —b* + A* whenever ¢ < —b*;

raise the target rate to reset the discrepancy to b* — A* whenever € > b*.

For brevity, we call this rule the (b*, A*)-rule. Figure 1 illustrates this optimal rule with three
cases — with just a proportional adjustment cost; with just a fixed adjustment cost, and with
both types of adjustment costs. The thinner of the two lines represents a particular evolution
of the preferred rate through time; in each case we use the same path. The solid dark line
represents the optimal target rate for each case. The shaded region indicates the band around
the target rate, in which the preferred rate can move without provoking a target change.

To understand why the optimal rule has this form, consider first the situation in which
there is a proportional, but no fixed, adjustment cost. Suppose the preferred rate has moved

some small amount away from the current target level. Should the central bank eliminate this

"Proofs of Theorems 1 and 2 can be found in Appendix A.



deviation? Since the flow costs are quadratic in the deviation, the increase in flow costs caused
by a small deviation will be very small. Moreover, the deviation will get smaller with probability
one-half, in which case a costly adjustment will have been unnecessary. If the deviation does get
larger, then the flow costs will rapidly increase, while the cost of adjusting the target rate by
a given amount remains the same. This suggests there is some critical point beyond which the
central bank will want to act. At such times, the target rate will be adjusted an infinitesimal
amount in the direction of the preferred rate. Such a policy economizes on costly adjustment
costs by avoiding increases in target rates that are likely to be soon followed by decreases. When
a fixed adjustment cost is added to the model, the target will be changed by a more substantial

amount to economize on this fixed cost.

2.3 Behavior of the Target Rate

The simple targeting rule described above implies particularly simple behavior for the target rate.
Except possibly at time 0, € never lies outside the interval [—b*, b*]. As long as —b* < € < b*,
the target rate is held constant by the central bank, while, as soon as € = b*, the central bank
raises the target rate by A*. Similarly, the central bank cuts the target rate by A* as soon as
€ = —b*. Therefore, the behavior of the target rate is completely determined by the behavior
of € (and, of course, the initial level of the target rate). The behavior of regulated stochastic
processes, such as the one generating ¢, is well understood.® We highlight several properties of
the target rate which are implied by this model.

Due to the form of the stochastic process generating the preferred rate, combined with the
particular functional forms of the flow and adjustment cost functions, the optimal adjustment
policy features a great deal of symmetry — the target rate rises (falls) as soon as ¢ = b*

(e = —b*). In either case, the target rate changes by A*. Therefore, we have:

Property 1 The magnitude of a change in the target rate does not depend on the direction of
the change.

This symmetry extends to the analysis of a sequence of target changes. We refer to two possi-
bilities when we talk about a policy continuation: a tightening following a tightening and also a
loosening following a loosening. One is the mirror-image of the other. Other than the directions

of the changes, the properties of the two types of continuations are identical. In particular

Property 2 The expected time between one type of continuation is the same as the expected

time between the other type.

Similarly, a policy reversal can take two forms — a tightening following a loosening and also a

loosening following a tightening. Again, they are mirror-images of one another. We have

Property 3 The expected time between one type of reversal is the same as the expected time

between the other type.

8Standard references are Cox and Miller (1965, Section 5.10) and Karatzas and Shreve (1988, Section 2.8C).



Rudebusch (1995) could not reject the hypothesis that rises and falls in the target rate had the
same magnitude on average. He also found evidence supporting the predictions in Properties 2
and 3.

The following two properties capture the stylized fact that the target rate changes in discrete

jumps, separated by discrete time intervals. From Theorem 1, A* > 0, giving
Property 4 When the target rate changes, it changes by a finite amount.

The next target change occurs when the preferred rate hits one edge of a band around the
current target rate. Since, immediately following a target change, the preferred rate is a discrete
distance from the edge of the band (from Property 4), this can only occur after some delay. The
expected time between target changes, A*(2b* — A*)/o? from Proposition B-2 in Appendix B,

is positive. That is,
Property 5 Target changes occur only occasionally.

Consistent with these two properties, Rudebusch found that the average target change was more
than twenty basis points and that target changes occurred on only 199 of the 3427 business days.

The following properties relate to the fact that when the target rate is changed, it is moved
only part of the way towards the central bank’s preferred level. That is, A* < b*, as shown in

Theorem 1, or

Property 6 Target rate changes are small relative to the amount needed to move the target rate

to the preferred level.

When the preferred rate hits one edge of the band around the target rate, the whole band moves
a small amount (A*) as the target rate is adjusted. After the change, the preferred rate is still
closer to that edge of the band (a distance of A*) than it is to the other edge (a distance of
2b* — A* > A¥). It is therefore more likely to hit the same edge, and trigger another target
change in the same direction, than it is to hit the opposite edge. That is, the probability of a
policy continuation, which is 1 — A*/2b* from Proposition B-1 in Appendix B, is greater than

one-half. Thus we have

Property 7 At the time of a target change, the next change, whenever it occurs, is more likely

to be in the same direction than it is to be in the opposite direction.

Furthermore, the expected time until the preferred rate moves outside the band, conditional
on reaching the closer boundary first, is less than the expected time until it moves outside the

band, conditional on reaching the more distant boundary.” We have

Property 8 The expected time between reversals is greater than the expected time between con-

tinuations.

9From Proposition B-2, the expected time between continuations is A*(4b* — A*)/30? days and the expected
time between reversals is (2b* — A*)(2b* 4+ A*)/30? days.

10



Consistent with Property 6, Rudebusch notes that “target changes occur in small standardized
steps.” He also provides evidence that after a target change there is a greater likelihood that
the next target change is in the same direction, and that the average time between reversals is

greater than that between continuations.

3 Calibrating the Model

In the following sections we calibrate the optimal rule to recent data on federal funds rate target
changes for the United States. We use this calibration exercise to derive more properties of the
target rate, evaluate the fit of our model, to calculate comparative static results, and to consider

some policy implications.

3.1 Calibrating the Adjustment Rule

The behavior of the target rate is completely determined by three parameters: A*, b* and o.
The information used to calibrate the process for the target level of the federal funds rate is the
average absolute value of the change in the target rate (A), the probability of policy reversals
(#) and the average time between target changes (7). We set A* equal to A and choose b*
and o so that 7 and T' equal their theoretical counterparts given in equations (10) and (11) in

Appendix B, respectively. This calibration is easily shown to be described by

1—#
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We calibrate the model to data on federal funds rate target changes for the United States from
the Federal Reserve. The data spans March 1, 1984 to March 31, 1998. The period is one where
the federal funds rate targets were quite explicit. During this period, the target rate was changed
110 times, with the average change being A = 23.864 basis points. A proportion # = 0.14679
of those changes were reversals and the average time between changes was T = 30.101 business
days. Therefore, we have A* = 23.9 basis points, b* = 81.3 basis points and ¢ = 10.5 basis
points, where the unit of time is one business day.

We can check the merits of this calibration by comparing the implied expected time be-
tween policy reversals and between policy continuations with the average times observed. From
Proposition B—2, conditional on the next change being a reversal, the expected time between
target changes is 78.4 days; conditional on it being a continuation, the expected time between
target changes is 21.8 days. For the period in question, the average time between reversals was
70.75 business days and between continuations was 23.11 business days. Further encouraging
evidence is provided by considering the volatility of the target rate implied by this adjustment
rule. We simulate the process for the preferred rate for a period of 10,000 months, approximat-
ing Brownian motion by a random walk with 50 draws per day, and calculate the average target
rate each month. The standard deviation of the change in this monthly average was found to be
27.10 basis points. Over our sample period, the corresponding standard deviation for the actual

federal funds rate was 27.49 basis points.
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Figure 2: Hazard functions for changes in the federal funds target rate
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The following parameter values were adopted in constructing this figure: b* = 81.3 basis points,

A* = 23.9 basis points and ¢ = 10.5 basis points. Time is measured in business days.

The dynamic behavior of the target rate predicted by our calibrated model also closely
matches observed behavior. Suppose that the Fed raises the target rate at time 0. Define the
function h.(t) such that, conditional on no target changes occurring in the interval (0, ¢], the Fed
will further raise the target rate (a policy continuation) in the interval (¢, ¢+ dt] with probability
he(t)dt. Similarly, define the function h,(t) such that, conditional on no target changes occurring
in the interval (0, ¢], the Fed will reduce the target rate (a policy reversal) in the interval (¢, ¢+ dt]
with probability h,(t)dt. We plot these hazard functions in Figure 2, using the series expansions
given in Appendix B. The bottom curve, which describes h,(t), shows that in the first few
weeks after an increase in the target rate, the Fed is unlikely to reverse its policy. However, the
Fed is much more likely to further raise the target rate in the first few weeks after an increase
in the target rate, as shown by the behavior of the top curve, which plots h.(t). After two
months, however, the two hazard functions are almost indistinguishable. Therefore, once the
time elapsed since the most recent target change becomes large, the direction of the next change
is unpredictable.

These properties are likely to be quite general. The likelihood of a target change at any
particular time depends on the position of the preferred rate in the band around the target rate
at that time. Immediately following a target change, the preferred rate is a distance A* from one
boundary and 2b* — A* > A* from the other one. If the preferred rate hits the near boundary
before it hits the distant one, there will be another target change in the same direction. At
all times following a target change, the distribution of the preferred rate will continue to have

greater mass close to the near boundary than close to the distant one. Therefore,

Property 9 At any given time, the probability of a continuation (measured at the time of the

last target change) is greater than the probability of a reversal.

As the time since the most recent target change grows, two things happen to the distribution
of the target rate. Firstly, the distribution spreads out, reflecting the fact that, until it reaches
one or the other edge of the band around the target rate, the preferred rate evolves according to

a Brownian motion. Secondly, conditional on not hitting the edge of the band, the distribution
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shifts back towards the middle of the band. This is because it is more likely that the process is in
the middle of the band when neither edge has been hit for a long time, than the process is near
the edge of the band when neither edge has been hit for a long time. The increased dispersion
increases the likelihood of a target change, either a continuation or a reversal, occurring. The
shift towards the middle of the band increases the likelihood of a reversal, but reduces the

likelihood of a continuation. This explains

Property 10 The probability of an immediate continuation (measured at the time of the last

target change) first increases, then decreases, as the time since the last target change increases.
and

Property 11 The probability of an immediate reversal (measured at the time of the last target

change) increases as the time since the last target change increases.

In the limit when the time since the last target change is infinite, the nature of that change (a
reduction or increase in the target rate) is irrelevant, and the distribution of the preferred rate

is symmetric about the target rate. Therefore,

Property 12 An immediate continuation and an immediate reversal are equally likely (mea-
sured at the time of the last target change) when the time since the most recent target change

grows infinitely large.

3.2 Calibrating the Costs

When constructing the optimal adjustment rule in Section 2.2, we took the cost parameters c
and f as given, and solved equations (4) and (5) for b* and A*. Now, however, we have estimates
for b* and A* and seek cost parameters for which these describe the optimal adjustment rule.

This can be achieved by solving equations (4) and (5) for ¢ and f. We obtain

2 A sinh(\b*)
P <b A sinh(Ab*) — sinh(A(b* — A*))> (6)
and
_ AT/, sinh(Ab¥) +sinh(A(b* — A¥))
=5 <A sinh(Ab*) — sinh(A(b* — A¥))

(7)

2 cosh(A\b*) — cosh(A\(b* — A¥))
A sinh(Ab*) — sinh(A(b* — A*)) /’

where \? = 2p/c2. Substituting b* = 81.3, A* = 23.9 and o = 10.5 into these equations, we find

that ¢ = 3908 and f = 2859, where we have assumed that the discount rate is p = 0.01/250,

corresponding to an annual rate of 0.01.1° Costs implied by the model seem reasonable. For

instance, fixed costs represent 2.97% of the total adjustment costs associated with changing the

¥The cost parameters implied by the calibrated adjustment rule are not sensitive to the choice of discount
rate. For example, if the Fed is assumed to discount future costs at the rate of p = 0.05/250, the cost parameters
change to ¢ = 3887 and f = 2846.
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Figure 3: Optimal interest rate targeting policy
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The top curve in each graph shows the optimal value b* (measured in basis points) as a function
of the indicated variables. The bottom curve shows the optimal value of b* — A* (also measured in
basis points). The distance between the two curves shows the amount by which the target rate is
changed when changes occur. When the difference between the preferred rate and the target rate
reaches the level shown by the top curve, it is immediately reset to the level shown by the bottom

curve.

target rate by its average amount (23.9 basis points). The average target change incurs total
adjustment costs equivalent to a discrepancy of 100 basis points between the preferred and target

rates lasting around two weeks, or of 50 basis points lasting around two months.

3.3 Comparative Statics

In this section we consider the effect of changes in cost parameters on the optimal interest rate
targeting policy of the Fed and the implications these changes have for the behavior of the target
rate.

The first graph in Figure 3 shows the effects of changes in the marginal cost parameter c,
holding f and o constant at their calibrated levels. The top curve plots the optimal bandwidth
b* (measured in basis points) as a function of c. We see that the Fed becomes less tolerant (b*
falls) of deviations between the target rate and the preferred rate as the marginal cost of making
target changes falls. The bottom curve plots the optimal level of b* — A*, the position at which
the discrepancy is set when the Fed changes the target rate. Thus, as the marginal cost of target
changes falls, the Fed resets the discrepancy closer to zero; equivalently, it moves the target rate
closer to the preferred rate. The distance between the two curves shows the amount by which
the target rate is adjusted — changes in the target rate increase, but relatively slowly, as the
marginal cost falls. In the polar case where the marginal cost of a change in the target rate is
zero, it is optimal to set b* — A* = 0, meaning that the Fed sets the target rate equal to the
preferred rate whenever it changes the target rate.

The second graph in Figure 3 repeats this exercise for changes in the fixed cost parameter f,

holding ¢ and o constant at their calibrated levels. As this fixed cost falls, so does the maximum
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Figure 4: Probability of policy continuations
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Each graph shows the probability of a policy continuation as a function of the indicated variables.

discrepancy allowed by the Fed. The magnitude of target changes falls as the fixed cost falls.
Consider the polar case in which there are no fixed costs associated with changing the target rate.
In this case, the optimal policy is one of “instantaneous control” (see Harrison, et al. (1983a)),
in which the Fed only changes the target rate by the smallest amount necessary to prevent the
deviation growing beyond b*. Most importantly, the target rate will evolve continuously over
time. Therefore, if the target rate is to move in discrete jumps, there must be a positive fixed
cost associated with every target change.

The third graph in Figure 3 shows that both b* and A* grow as the preferred rate becomes
more volatile.

Figure 4 shows the relative influence of the cost parameters and the volatility of the preferred
rate on the degree of persistence evident in the target rate. Each curve represents the probability
that the next change in the target rate will be in the same direction as the latest one, calculated
at the time of the latest change. As marginal cost falls, so does the probability of policy
continuations. In the limiting case when the marginal cost is zero, there is no persistence in the
target rate. As the fixed cost falls, the probability of a policy continuation rises, reflecting the
fact that lower fixed costs encourage the Fed to make smaller, more frequent, target changes.

In each graph in Figure 5, the three curves indicate the time between different types of target
changes. In each case, the lower curve indicates the expected time between continuations and
the upper curve represents the expected time between reversals. The middle curve represents the
expected time between target changes, regardless of type. In general, we find that the expected
time between target changes is increasing in both types of adjustment costs, but is decreasing
in the volatility of the preferred rate.'!

Figure 5 demonstrates that the extent to which the time between reversals is longer than
continuations depends primarily on the marginal cost of target changes. Also of interest is that

moderate changes in the volatility of the preferred rate can have a substantial impact on the

"This result, as well as that A* is increasing in volatility, is consistent with the observation of Goodfriend
(1991, p. 17), who notes that “...target changes may occur more frequently and step sizes may be bigger in

periods of underlying volatility.”
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Figure 5: Expected time between target changes
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The top curve in each graph shows the expected time (measured in business days) between pol-
icy reversals as a function of the indicated variables, while the bottom curve shows the expected
time between continuations. The middle curve shows the expected time between target changes,

regardless of type.

average time between target changes. As the volatility of the preferred rate decreases, the time

between target changes increases sharply.

3.4 Policy Implications

Our comparative statics results allow us to consider the impact of a structural change which
shifts one or other of the adjustment costs. As well as affecting the degree of persistence and
the time between target changes, adjustment costs also impact on the volatility of changes in
the targeted interest rate. In fact, adjustment costs provide a reasonable proxy for the degree
of central bank interest rate smoothing.!> We simulate the process for the preferred rate for a
period of 10,000 months, approximating Brownian motion by a random walk with 50 draws per
day. We consider 100 different combinations of ¢ and f where fixed costs represent 2.97% of total
adjustment costs associated with the optimal adjustment rule. The lowest value of the marginal
cost parameter c is set to 100 and the highest is set to 10,000; ¢ increases in increments of 100.
For each corresponding optimal rule, we calculate (i) the corresponding path for the target rate;
(ii) the total adjustment costs in the central bank’s loss function; (iii) the standard deviation of
the change in the monthly average of the target rate. We find the standard deviation in (iii) is
monotonically decreasing in the adjustment costs in (ii). Moreover, the correlation coefficient
between the standard deviation of interest rates and the adjustment costs is -0.95. This leads to
another interpretation of the costs of target changes — they reflect the central bank’s interest
rate smoothing motives. To the extent this is true, it suggests a novel way to measure how

different central banks compare in terms of their desire to smooth interest rates. Using our

12YWe take interest rate smoothing to mean reducing the volatility of targeted interest rates for a given volatility

in the preferred rate.
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model, adjustment costs can be backed-out from data on target changes.

Given that adjustment costs are highly correlated with the degree of interest rate smoothing,
an interesting question is whether our (b*, A*)-rule would still be optimal if the costs of adjusting
target rates in the central bank’s loss function, are replaced by an interest rate smoothing
objective. Using the standard deviation of the target rate in the loss function is likely to make
the problem of working out the central bank’s optimal rule analytically intractable. Instead,
starting from the calibrated rule, we examine whether there are other rules of the (b*, A*)-type
which allow for more interest rate smoothing, without increasing flow costs. We find that, at
best, the central bank can reduce the standard deviation of the change in the monthly average
of the target rate by less than one basis point. Thus, at least within the class of simple rules
considered, the rule we found from calibrating our model remains (approximately) optimal even
when the bank’s loss function is altered to allow for a desire to smooth interest rates (rather than
avoid target changes). Interestingly, the rule which minimizes the standard deviation in interest
rate changes is the one in which A is as close to zero as possible. Thus with an interest rate
smoothing objective, target changes should not be discrete jumps. This suggests the observed
discreteness in target changes is better explained by an adjustment cost framework, in which
there is a fixed cost of each target change, than a pure interest rate smoothing objective.

If we do interpret adjustment costs as proxying interest rate smoothing concerns, one can
use our model to ask whether these concerns are justifiable. If the Fed allowed the standard
deviation of the change in the monthly average of the target rate to increase by approximately
13 basis points (from 27.1 basis points to 40.3 basis), it could entirely eliminate the discrepancy
between preferred and target rates (a reduction of 35 basis points in its average level). On the
other hand, to reduce the same standard deviation by 10 basis points, requires an increase in the
average deviation between the preferred rate and the target rate of just over 100 basis points.
Whether the Fed is behaving optimally, given this trade-off, then depends on a judgement about
the relative importance of the flow costs arising from compromising their ultimate objectives
and the adjustment costs that proxy interest rate smoothing concerns.

If adjustment costs are not just proxying interest rate smoothing concerns, then policies
which can lower the adjustment costs of target changes will be beneficial from the central bank’s
perspective. One policy which may lower adjustment costs is to specify regular dates when
announcements will be made on the desired target rate. Since the timing of these announcements
is known in advance, the likelihood of an adverse market reaction on these dates should be less
than from an equivalent target change made at an unexpected time. We could model this as a
reduction in the adjustment costs of target changes on these days. In this case, it is unlikely
our simple rule will still be optimal. Instead, the optimal rule may well involve the band around
the target rate becoming wider as the date of each announcement approaches (so a target

change is very unlikely when an announcement date is near), and narrowing on the date of the

13Simply measuring the volatility of actual interest rates does not suffice. Different countries will face different
levels of volatility in macroeconomic variables and so different levels of volatility in their preferred rates. Our

model allows this factor to be disentangled from the costs of adjusting interest rates.
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announcement (so a target change on an announcement date is much more likely).

An alternative view of adjustment costs is that they reflect political and reputational con-
siderations. In this case, institutional reform (such as operational independence) which reduces
these costs could lead to an improvement in the ability of the central bank to meet its ultimate
objectives. Goodhart (1997) appears to take this alternative view, suggesting that authorities
are not able to vary interest rates sufficiently aggressively, or promptly, to hold inflation to a
desired path, because changes in interest rates that preempt future inflationary pressures and
that may be quickly reversed are not politically viable. One difficulty with the political costs
argument, although not with reputational considerations, is it is difficult to see how this can be
reconciled with the symmetry observed in the data on target changes. Political costs are usually
associated with constraints to raising interest rates, but not to reducing them. A reputational
story for adjustment costs raises the possibility that the central bank will want to be secretive
regarding its target changes, or be delibrately vague in justifying them. However, such secrecy
may lead to other costs, such as greater uncertainty on the part of investors, which could increase

the volatility of market interest rates.

4 Conclusions and Future Directions

This paper was motivated by the observation that interest rate target changes are highly persis-
tent and seldom quickly reversed. According to Goodfriend, this behavior represents a deliberate
attempt by the Fed to smooth interest rates and avoid “whipsawing” the market. An alterna-
tive view has been put forward by Goodhart (1997), who suggests that central banks “act too
little, too late”, thus sacrificing their ultimate objectives. In our model, interest rate targeting
does sacrifice a central bank’s ultimate objectives; for the Fed, we found that if it moves the
target rate to immediately reflect any movement in its preferred rate, it could reduce the average
deviation between the two rates by 35 basis points. However, using a simple model of optimal
central bank policy, we showed that given modest costs to adjusting target rates, the persistent
behavior of target changes could be rationalized.' Interestingly, to get this result we did not
need to assume persistence in the underlying shock in our model; nor did we have to assume
that reversals were especially costly. Presumably, it is even easier to rationalize the observed
behaviour of target rates in the presence of these factors. Instead, in our model the optimal
rule follows from uncertainty over future movements in the underlying preferred rate, together
with the costs of adjusting the target rate. When the preferred rate is close to the target rate,
the Fed is better off to delay a target change, rather than risk unsettling the market, especially
since many times small changes in the preferred rate will be undone by themselves.

The starting point for this paper was a simple exogenous stochastic process for the central
bank’s preferred rate. In practice, the preferred level of interest rates could itself depend on
the target rate policy chosen. Presumably, different interest rate targeting policies will affect

the fundamentals of the economy and so feed back into the preferred level of interest rates.

14Using this model we were also able to explain a number of other puzzling properties of interest rate targeting.
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We have assumed away any such feedback effect to make our model tractable. Future work
could incorporate such a feedback effect for a specific macroeconomic model of the economy and
examine numerically the extent to which the new optimal rule would differ.

Clearly, our assumption that the preferred rate evolves according to driftless Brownian mo-
tion is a special case of more general stochastic processes for the preferred rate. However,
we believe it is the most interesting case to start with, both because it is difficult to reject a
unit root in short-term interest rates and because it shows that one does not need to assume
mean-reversion in the central bank’s preferred rate to generate persistence in target changes.
Nevertheless, it would still be interesting to extend the analysis to consider other stochastic
processes for the preferred rate, such as the process for interest rates derived from the policy
reaction function of a central bank’s model of the economy.

Because our model characterizes the dynamics of the central bank’s target rate through time,
it also has implications for market interest rates at the short-end of the yield curve. Using the
expectations hypothesis, Guthrie and Wright (1999) derive the implications of our calibrated
(b*, A*)-rule for daily observations on one- and three-month market rates. Despite the simplicity
of our assumptions, they find a rich array of interest rate dynamics can be derived. Consistent
with observed U.S. rates, they show the model implies conditional volatility is persistent and
increasing in the spread between the market rate and the central bank’s target rate, that there
is excess Kurtosis in high frequency interest rate movements, and that market rates will revert
towards the central bank’s target rate.

Another area where the model seems particularly applicable is in modeling exchange rate
targeting. The preferred level of the nominal exchange rate naturally corresponds to the pre-
ferred level of interest rates in this paper. The Brownian motion assumption for the preferred
level would again be the natural choice. Like interest rate changes, the central bank may view
changes in the exchange rate as costly, both in proportion to the size of the exchange rate
change, as well as for changes per se. To the extent fixed adjustment costs are more important
for exchange rate target changes than for interest rate target changes, our comparative statics

results suggest less persistence in, and longer times between, target changes.

A Proofs for Optimal Adjustment Rule

Necessary Conditions for an Optimal Policy

We seek values of b and A which minimize A, where A is related to the two choice variables by

the requirement that u is continuous at b:
u(b) =u(b—A)+ f+cA

or
b (b— A)?

0= " + Acosh(Ab) — — Acosh(A(b—A)) — f — cA.
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Figure 6: The function v/'(¢;€)

The Lagrangian for this problem is

b2 (b— A)?

L=A—-pu <; + Acosh(Ab) — ; — Acosh(A(b—A)) — f — cA) ,

where p is the Lagrange multiplier, and the appropriate first order conditions are

0 = 1— p(cosh(Ab*) — cosh(A(b* — AY))),
2b* 2(b* — A*
0 = —u (7 + AAsinh(Ab*) — (T) — AAsinh(A(b* — A*))) ,

0 = —p <M + AMsinh(A(b* — A%)) — c) .

The second and third conditions become u/(b*) = u/(b* — A*) and u/(b* — A*) = ¢, respectively.

Proof of Theorem 1'°

Let € be an arbitrary positive constant and define the function

2 2

v(g;€) = 0—2 4 A(é) cosh(Ae),
p: o p
of €, where
2
-0
A€) = ———.
© p? cosh(Aé)

Notice that, for a particular value of the integration constant A, v equals the function u, given

in (2), on the interval (—b, b), but extends its functional form to the whole real line. The function

2e
V' (g;€) = — + NA(€) sinh(\e)
p
has turning points at ¢ = ££. It is drawn in Figure 6. The value of this function at the turning
point € = £ is

L&) = (¢8) = 2; + AA(€) sinh(\é).

5The proof of this and the following theorem is based on Constantinides and Richard (1972), who consider a

similar problem, with different cost functions, in the context of inventory management.
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It is easily shown that I' is an increasing function of ¢, with I'(0) = 0 and I'(¢) — oo as € — oc.

In fact,

I'(¢) = % (1—@) > 0.

Now, for any value of the parameter ¢ such that I'(é) > ¢, the numbers b(é) and A(é) are

uniquely determined by the analogs of equations (4) and (5),
V'(b(€)) =c and v'(b(€) — A(€)) = c,
together with the requirement that A(¢) > 0. The function u is continuous at & = b* if
v(b*) = v(b* — A%) + f + cA".

Thus, in order to prove existence, we must show that there exists a number £* such that W(£*) =
f, where

U() = v(b(8)) — v(b(€) — A(E)) — cA(8).

That is, the shaded region in Figure 6 must have area f. Now, if ¢ — I'"1(c), then b(¢) — & and
A(é) — 0, so that ¥(¢) — 0 and the shaded region vanishes. On the other hand, as ¢ — oo,
we see that b(¢) — oo and b(€) — A(€) — pc/2. Since I'(¢) — oo, the area of the shaded region
becomes infinitely large. Appealing to the Intermediate Value Theorem, we see that there must
exist some value of &, call it £*, for which the shaded region has area f. The required policy
parameters are b* = b(é*) and A* = A(£¥). It is easy to prove that ¥ is a strictly increasing

function of €. These parameters are therefore unique, and the proof is complete.

Proof of Theorem 2

Our proof of the optimality of this simple rule uses the following lemma, which gives sufficient

conditions for a policy to be optimal. A proof can be found in Harrison, et al. (1983b).

Lemma 1 Suppose that u is continuously differentiable, has a bounded derivative, and has a

continuous second derivative at all but a finite number of points. If

u(e)
1
0 < F(e)+ 50211,"(5) — pu(e), for almost all ¢,

IN

C(e' —e) + u(e), for all e and €',

then u(e) < J(P;e) for all adjustment policies P and all € € R.

We show that the expected total cost function u(e) associated with the adjustment policy
constructed in the proof of Theorem 1 satisfies the conditions of Lemma 1. Notice that u(e) =
v(e;€*) whenever —b* < ¢ < b*. For other values of ¢, u(e) is given by the expressions in (2).
Figure 7 plots u/(g) for the adjustment policy constructed in the proof of Theorem 1.

The function v has a continuous first derivative, which is bounded. Furthermore, it has a
continuous second derivative everywhere, except at the points ¢ = £b*. The regularity conditions

of Lemma 1 are therefore satisfied.
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Figure 7: The function u/(¢)

If ¢ < —b* (respectively € > b*), it is optimal to change the target in order to bring the
discrepancy back to —b* + A* (respectively b* — A*). Therefore, for all &/,

u(e) + C(e —¢) > u(=b"+ A*) + C(=b*" + A* —¢) = u(e), &< —b",

and

we) +Ce —e) >ud* — A*)+ COOb" — A" —¢) =u(e), €>0b"

If —b0* < e < —b* + A* (respectively b* — A* < ¢ < b*), and the central bank decided to
change the target rate, it would do so in such a way that the discrepancy is reset to —b* + A*

(respectively b* — A*), since this minimizes the total expected cost after the change. Therefore,
for all £,

wE) +CE —e) >u(=b"+ A*) + C(=b* + A* —¢g) > u(e), —b"<e<—b"+ A",

and
uw(e) + O —e) >ub* — A+ C(b* — A* —¢) > u(e), b"— A" <e<b"

The remaining case to consider is where —b* + A* < ¢ < b* — A*. If the central bank decided
to change the target rate, the cost-minimizing action would be to change it by zero, since

the marginal cost of changing the target rate exceeds the marginal benefit of reducing the

discrepancy. Therefore, for all &/,
uw(Ee) + C(e —e) > u(e) + C(0) > u(e), —b"+A" <e<b*—A"

Combining these results, we see that u satisfies the first inequality in Lemma 1. Notice, also,

that the central bank should only ever change the target rate when the discrepancy is outside
the interval (—b*, ).
Let
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It is easily confirmed that 6(c) = 0 whenever —b* < ¢ < b*. Thus

—1
(b*)2 — pu(b*—) = 702u"(b*—) >0,

since u”(b*—) < 0, and, since uv”(b*+) = 0, it follows that
0(b"+) = (b°)* = pu(b™+) = (b°)* = pu(b*~) > 0.

By a similar argument, §(—b*—) > 0. Next, notice that whenever ¢ > b* (respectively ¢ < —b*),
0'(e) = 2e — pc > 2b* — pc > 0 (respectively €'(¢) < 0). It follows that 0(¢) > 6(b*+) > 0
whenever € > b* and that 6(¢) > 6(—b*—) > 0 whenever ¢ < —b*. Combining these results, we

see that u satisfies the second inequality in Lemma 1 and the proof is complete.

B Proofs for Behavior of the Target Rate

Denote by g—(t|eg) the probability density of € reaching —b* at time t before having reached b*,
conditional on the discrepancy having the value gy at time 0. Similarly, denote by g, (t|eg) the
probability density of passing into b* at time ¢ before having reached —b*, conditional on the

same initial value. Standard techniques can be used to derive the moment-generating functions

g* (sleo) = /0 Tty (tleo)dt = Sm;fh((b;ﬁ;:;o» .
and N o
9+ (sleo) = /0 e g (tleo)dt = Smsi;ﬁh(@ﬁ;jo))’ o)

where § = v/2s/0. These functions enable us to prove the two propositions below.

Proposition B—1 Measured at the time of a target change, the probability that the next target

change, whenever it occurs, is in the same direction equals

A*
L— o (10)
Proor Without loss of generality, suppose that the central bank increases the target rate at
time 0; that is, set g9 = b* — A*. The next target change, whenever it occurs, will be another
increase if € hits b* before it hits —b*. This occurs with probability
A*
o 2p

/ g (t* — AM)dt = 1
0

where we have used (9) to calculate

| g ttleo)d = g3 010) = Tr 2.
0

Since A* < b*, this probability is greater than 1/2. [

Proposition B—2 Consider successive target changes.
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1. Conditional on successive target changes being in the same direction, the expected time

between them equals A*(4b* — A*)/30? days.

2. Conditional on them being in opposite directions, the expected time is (2b* — A*)(2b* +
A*) /302 days.

3. The unconditional mean is

A*(2b* — A%) /o (11)
days.
PrROOF From (8) and (9), we find that
OO d (0" — €0)(b" 4 €0)(3b" — &0)
tg_(t dt = ——g* =
| et 9k L ,
OO d (0" — €0)(b" 4 €0)(3b" + £0)
tg.(t dt = ——g- = .
/0 g+ (t[eo) 759+ (sleo) - b2

Without loss of generality, suppose that the central bank increases the target rate at time 0;
that is, set g = b* — A*. Then:

1. The expected time until the next target change, conditional on that change being another
increase in the target rate, equals

Jo tgr(tb* — A¥)dt  A*(db* — A¥)
JoT g (tlor — A¥)dt 302

days.
2. The expected time until the next target change, conditional on that change being a reduc-
tion in the target rate, equals

[ tg (Hb* — ANt (2b% — AT)(2b* + A¥)
Jo7 g- (Lo — A*)dt 302

days.

3. The unconditional mean time between target changes equals

A*(2b* — A¥)

| ot = 8% g — A% = =2

g

days. |

Suppose that the central bank raises the target rate at time 0. Define the function h.(t)
such that, conditional on no target changes occurring in the interval (0, ], the central bank will
further raise the target rate (a policy continuation) in the interval (¢,¢ + dt] with probability
he(t)dt. Similarly, define the function h,(t) such that, conditional on no target changes occurring
in the interval (0, ¢], the central bank will reduce the target rate (a policy reversal) in the interval
(t,t + dt] with probability h,(t)dt. These so-called hazard functions are
g+ (tb" — A”)

he(t) = 1_ fot(gf(t’|b* — A*) + g (¢)b* — A*))dth
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) g (" =A%)
L= Jolg=(#]b* — A%) + g (¢/|b* — A%))de
The probability densities g_(t|eg) and g4 (t|eg) can be found by calculating the inverse

he(t)

Laplace transforms of (8) and (9). They are

00 * * 2
Z (4nb*+b*+50)exp{—(4nb b+ ) }

1
o0 = o

202t
n=-—oo
and -
1 (4nb* + b* — g0)?
t = — Anb* + b — —
g+( ’50) \/m n:ZOO( no" + 60) exp { 202t
respectively.

Equations (10) and (11) are used to calibrate the model. From equation (10), the probability

of a policy reversal is
A*
T 2b

while, from (11), the expected time between target changes is

™

A*(2b* — A*)

T = —

g

Solving these two equations for b* and o gives

b*:A—, UzA*\/l_ﬂ.
2 ™

Replacing A* with the average absolute value of the change in the target rate (A), 7 with the

proportion of target changes which are policy reversals (7), and T' with the average time between

target changes (T'), gives the calibration used in Section 3.1.
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