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Abstract

We examine how much of the observed wage dispersion among similar workers can
be explained as a consequence of alack of coordination among employers. To do this,
we construct a directed search model with homogenous workers but where firms can
create either good or bad jobs, aimed at either employed or unemployed workers.
Workers in our model can also sell their labor to the highest bidder. The stationary
equilibrium has both technology dispersion — different wages due to different job
gualities, and contract dispersion — different wages due to different market
experiences for workers. The equilibrium is aso constrained-efficient — in stark
contrast to undirected search models with technology dispersion. We then calibrate
the model to the US economy and show that the implied dispersion measures are quite
close to those in the data.
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INTRODUCTION

It has long been established that alarge proportion of wage disparity cannot be
explained by differences in the observed characteristics of workers. In fact, in the
empirical labor literature, it is generally agreed that approximately two thirds of wage
dispersion is “residual” — it occurs within narrowly defined groups of workers. (See,
for example, Katz and Autor (1999).) This has always posed a challenge to theory —
particularly in the light of Diamond's (1971) critique of wage dispersion, in
equilibrium, with homogeneous workers. For this reason, several researchers have
attributed this dispersion to “unobserved heterogeneity” among workers, with the

implication that finer observations could ultimately resolve the issue.

Search theorists, on the other hand, have sought to explain this phenomenon as
an equilibrium outcome with workers who are, in fact, homogeneous. Burdett and
Judd (1983), for example, explore two variants of search that allow for equilibrium
dispersion: non-sequential search and “noisy sequential search”. Both variants,
however, rely on ex post worker heterogeneity in order to support the result. More
recently, Burdett and Mortensen (1998) argue that, in the presence of on-the-job
search and Poisson arrival rates, dispersion must occur in equilibrium. Their model
has a continuous distribution of wage offers in equilibrium, for homogenous workers.
This result is sensitive to some of the underlying assumptions, however. For example,
it is important that they assume that incumbent firms cannot respond by adjusting
wages when being raided by other firms." It is also not clear how this result would
change if arrival rates were not parametric but, instead, determined by the choices of

agentsin the model.

Another strand of search theory has emerged recently, which focuses precisely
on this issue of where buyers would choose to search, when guided by some
information about sellers. This has come to be known as “directed search” theory.
Following Montgomery (1991), in most directed search models, the search friction is
motivated by a simple coordination problem in the presence of capacity constraints.?

Sellers are capacity-constrained, in any period, by the fact that they have a fixed

! Coles (2001) considers cases where their result is robust to changes in this assumption.
% Not all directed search papers model this as a coordination problem. See, for example, Moen (1997).



number of objects to sell. Buyers, even when aware of the locations and prices of al
the sdllers, face a friction if they al move ssmultaneously: too many buyers may
arrive a any one seller. If this seller has fewer units of the good to sell than demanded
by the buyers, some buyers will be unable to purchase the good. At the same time,
there may be other sellers that have too few buyers approach them, so some of the
good may be left unsold. Thus, in the face of this coordination problem, some buyers
and some sellers may end up frustrated even if the number of units for sale (in the
aggregate) is the same as the number of units that buyers would like to purchase. In
these models, the only symmetric equilibrium is one in which all buyers randomize
when choosing which seller to approach. This randomization implies an endogenous
matching function that resembles, in several important ways, the function used in the
matching literature (for example, Pissarides (2000)).

This basic structure has been explored recently in several papers. Within it,
three different sources of equilibrium wage dispersion among homogenous workers
have been identified. Julien, Kennes, and King (2000) show that, when workers
auction their labor, since some workers will receive more bidders than others, some
workers will enjoy higher wages than others. Thus, wages can differ simply due to the
randomization inherent in the coordination problem. We will refer to this type of
dispersion here as “contract dispersion”. Secondly, as shown in Acemoglu and
Shimer (2000), if different jobs have different productivities, this can lead to
homogeneous workers being paid differently in different jobs. We will refer to this as
“technology dispersion”.®> The third source of wage dispersion, explored in Burdett,
Shi and Wright (2001) and Shi (2001a) comes from the fact that prices charged will,
in general, be a function of the severity of the capacity constraint. This draws on
Peters (1984) insight that, in capacity-constrained settings, buyers face a trade-off
between prices and probability of sale. We can think of this as “capacity dispersion”.

The concept of capacity dispersion forces us to think about which types of
agents are on which side of the market and what, exactly, is being sold in the labor
market. Acemoglu and Shimer (2000), Burdett, Shi, and Wright (2001) and Shi
(2001a,b) follow the tradition in search theory where firms act as sellers — selling jobs

3 Acemoglu and Shimer’s (2000) model aso has the added friction of non-sequential search: workers
cannot see posted wages unless they pay a cost to receive a sample of them.



to workers. In Julien, Kennes, and King (2000), we model workers as being in the
more traditional role as sellers in this market. While it seems reasonable to consider
that capacity dispersion may play a maor role when different sizes of firms sell jobs,
it seems clear that this role would be significantly diminished when individual

workers are sellers.

In this paper we argue that a large proportion of the observed “residual” wage
dispersion can be explained as a consequence of the basic coordination problem that
underlies these directed search models. To do this, we construct the simplest possible
model of this type, in which endogenous contract and technology dispersion are
obtained in equilibrium. We model workers as sellers of labor, and allow firms to
create vacancies of different types: high and low productivity (with different
associated costs). The setup is significantly simpler than in Acemoglu and Shimer’s
(2000) paper, largely because we do not have the added complication of non-
sequential search.® This alows us to derive explicit solutions for the endogenous
variables. It also allows us to isolate the effects of the coordination problem aone.

We start by first examining the properties of a static model, and derive
necessary and sufficient conditions for technology dispersion to exist in equilibrium,
when firms are free to enter and choose their technologies. We then extend the model
to a dynamic (infinite horizon) environment which allows for search, both on and off
the job, and separations. We solve for values of the endogenous variables in the
stationary equilibrium, and show that this equilibrium is constrained-efficient.
Parameter values are then chosen so that the model matches the mean weekly wage
and unemployment rate of the US economy in 1995. Key statistics of the numerical
wage distribution generated by the model are then compared with those from
empirical studies. Among the results, we find that the standard deviation of the log of
these wages is approximately 54% of the figure given, in the Katz and Autor (1999)
study, for the entire wage distribution in 1995. Perhaps more strikingly, when
considering the 90-10 percentiles of the log wage distribution, the model predicts a
figure of 1.08, which is quite close to the approximate 1.15 figure reported, by Katz

and Autor, for “residual” wage dispersion in that year.

*In Julien, Kennes, and King (2001), we provide a more detailed comparison of these frameworks.
® Another key difference isthat we allow for firm entry here, rather than fixing the number of firms.



The constrained-efficiency result is consistent with similar results in the
directed search literature with homogeneity (for example: Moen (1997) and Julien,
Kennes and King (2000)). However, it stands in stark contrast with those in the
“undirected search” literature. For example, Sargent and Ljungquist (2000) conclude:®

“In the case of heterogeneous jobs in the same labor market with
a single matching function we establish the impossibility of

efficiency without government intervention.”

This is clearly a case where the implications of direct and undirected search
theory differ substantially. The assumption that matching probabilities are unaffected
by behaviour, inherent in undirected search, leads to a congestion that distorts the
welfare properties of the equilibrium. When agents can choose matching probabilities,

this distortion is removed.

The paper is organized as follows. Section 1 presents and analyses the static
model. Section 2 then presents the structure of the dynamic model. Section 3 presents
analytical results concerning the stationary equilibrium. The quantitative analysis of
the modél is presented in Section 4. The conclusions of the study are given in Section
5, along with a general discussion. The proofs of al the propositions in the paper are
contained in the Appendix.

® Acemoglu (2001) and Davis (2001) reach similar conclusions.



1 THE STATIC MODEL

Consider a ssimple economy with a large number N of identical, risk neutral,
job candidates where each candidate has one indivisible unit of labor to sell. There are

M, =@N vacancies of two types. i {12} , where ¢ >0, and are determined by free
entry. The productivity of aworker is y, =0 if unemployed and y, >0 if employed
inajob of typei, where y, >y, . It costs k; to create a vacancy, where k, >k, and
y, 2k, =0 [Oi. Each vacancy can approach only one candidate. The order of play is
as follows. Given N, M, vacancies of each typei enter the market. Once the number

of entrants has been established, vacancies choose which candidate to approach. Once
vacancies have been assigned to candidates, wages are determined through an

ascending-bid (English) auction.” We solve the model using backwards induction.

Wage Deter mination

Each worker conducts an ascending-bid auction, where his reserve wage is
simply his outside option y, =0. In equilibrium, the wage w' of a worker who is
employed in a job of productivity i, and who had a second best offer from a job of

productivity | is given by:
w =y, (11)

foral i 0{12 and jO{0L12}.

" We justify the usage of an auction in this type of environment in Julien, Kennes, and King (2001).
The form of auction isirrelevant, since revenue equivalence holds here. See, for example, McAfee and
McMillan (1987).



The Assignment of Vacancies to Workers

Asis standard in directed search environments,® when considering the location
choice of buyers, attention is restricted to the unique symmetric mixed strategy
equilibrium in which each buyer of each type randomizes over sellers. Consequently,

in a large market, the probability p, that a worker is approached by a vacancy of

maximum productivity y; isgiven by:

po=e"e”
p=1p,=e*(1-e") (1.2)
p, =(1-¢e*%)

It also follows that, in alarge market, from the pool of vacant jobs of productivity v, ,
a candidate obtains either (i) no offer, (ii) one offer, and (iii) multiple offers with
probabilities e, ge™“and 1-ge ™ —e™*, respectively. Therefore, the probability

distribution of wagesis given by:

W) =0, pgo= ee?
w =0, p= e”ge”
oo WM =Y, p= e (l-ge? -e?)
w,pl =4 o o (1.3)
W, =0, Pz = pe e
W =Y, P = ge(l-e?)
W, =Y, p;=  l-ge®-e”

where p/ denotes the probability that worker obtains awage w!' .

If the numbers of vacancies were given exogenoudy (i.e, ¢ and @ were

parameters) then (1.3) would represent the final solution of the model. Examining
(1.3), it is clear that wage dispersion has two sources. contract dispersion and

productivity dispersion. For example, the differencein thewages w; =y, and w? =0

is due entirely to contract dispersion: in both cases, the productivity of the job islow,

8 See, for example, Burdett, Shi and Wright (2001) and Shi (2001a,b).



but workers who earn w; had an outside offer from another low productivity job

whereas workers who earn w_ did not. In order to receive the highest wage w5 =y, ,

workers need to be on the right end of both contract and productivity dispersion: the
presence of at least one high productivity vacancy is required to make this wage
technically feasible, and the presence of at least one other high productivity vacancy,
as an outside offer is required to make this wage an equilibrium outcome. It is also
clear that contract dispersion can be at least as important to workers as productivity
dispersion. For example, a worker in a high productivity job earns a wage equal to

w) =0 with probability pJ while a worker in low productivity job earns a higher
wage of w; =y, with probability p;. Both of these probabilities are positive if

@,% >0.Wenow turn to the determination of ¢ and ¢,.

Vacancy Entry

The profit of afirm is equal to its output minus its vacancy creation cost and

the wage it pays to the worker. Therefore, the profit 7z/ of a vacant job of
productivity y, that makes an offer to a worker who has a best rival offer of

productivity y; isgiven by:
7Tij =max{y, - Yi 0 =k (1.4)
The expected profit 7z, of avacant job of productivity vy, isgiven by:
m = max{qf y: — k0 (1.5
7, = max{d; Y, + A3 (¥, = V1) —k;.0 (1.6)
where g/ isthe probability that a firm earns a profit equal to 77’ . The probability that
a vacant job does not face offer competition from a rival job of productivity y, is

given by e, Therefore g =qJ =e ®e * isthe probability that the vacant job does

not face a rival vacant job of either productivity, and q; =(1-e ?)e™® is the



probability that a vacant job faces alow productivity rival but not a high productivity
rival. The supply of vacant jobs of productivity y, is determined by free entry, so the

expected profit 7z, of avacant job of productivity y, isequal to zero in equilibrium:

m=m=0 (1.7)

The assumption that the output of a particular type of job is greater than the
cost of the job vacancy does not guarantee that the supply of jobs of that type is

positive. (For example, it is easy to see that gy, —k, can be negative if ¢, is
sufficiently large — making g sufficiently small.) Therefore we do not know, based

on our present assumptions, whether or not the two different jobs will exist in
equilibrium. The following proposition presents necessary and sufficient conditions

for this type of productivity dispersion.

Proposition 1:

Both types of jobs exist in equilibrium (¢ >0 Ui )if and only if the

following conditions hold:

y, =k, >y, -k and v,k >y, /K,.

Moreover, when these conditions hold, then the equilibrium values of

@ and @, are given by:
@ =In(y, /k) =In((y, = y;) I(k, —k)) (1.8)
@ =In((y, - y1) /(k; —k;)) (1.9)
The first condition in Proposition 1 ensures that the supply of high
productivity jobs is adways positive if the output of a good job net of its capital cost

exceeds the output of a bad job net of its capital cost. The second condition implies
that the supply of low productivity jobs is always positive if the output of a bad job



per unit of capital is greater than the output of a good job per unit of capital. These
two conditions are satisfied by the ssmple assumption of a diminishing margina

product of capital.

Under these conditions, equations (1.3), (1.7), (1.8), and (1.9) completely
solve for the equilibrium payoff structure in the static model.

Constrained Efficiency

We now consider the problem of a socia planner that is able to control entry,
but still faces the same coordination friction as private agents. The planner chooses

@ 20 and ¢ = 0 to maximize total expected surplus S
S=max N{(1- e )yz +e 1- e_@)yl - @kl - ¢2k2}
A.%

Proposition 2: The decentralized equilibrium is constrained efficient.

The reasoning behind the efficiency result is as follows. Consider the choice
of whether or not to add one more low quality vacancy. With some probability, the
employer with this new vacancy will approach a candidate that is also approached by
some other vacancy, (of either of high or low quality). In this case, if this other
vacancy is aso low quality, then with some probability, the entering vacancy will hire
the worker, so the gains to the match with the other employer will be lost. Thisis an
external cost associated with the new vacancy. However, there is also a benefit
created: the match of the entering vacancy and the worker. Clearly, this cost and this
benefit exactly cancel each other. Thus, the social return from such a new vacancy is
zero. Due to the auction mechanism, thisis precisely the private return that a new low

quality vacancy getsin this case.

If, however, the other vacancy is of high quality, then, again, the social value
of the entering low quality vacancy is zero and the payoff will be zero, though the
auction mechanism. If the entering low quality vacancy approaches a worker whom

otherwise would not be matched, then a social benefit is generated: the value of the



match y,. The expected margina social benefit of the new vacancy is therefore the
probability that the new vacancy will be alone when it approaches a worker,
multiplied by y,. The marginal social cost of generating a new vacancy is simply the
cost of creating the vacancy k,. A socia planner equates these two, and so does a

private entrant.

A similar line of reasoning holds for the creation of a new high quality
vacancy. In this case, however, if the other vacancy is of low quality, then the new
high quality vacancy will hire the worker with probability one. Here, the gains to the

match with the other vacancy y, will be lost, but the gains to the new match will be
Y, , SO the net social gains are (y, —y;) . Once again, through the auction mechanism,

this is precisely the private return that a new high quality vacancy receives. In all
cases the private and social returns are equated.

It is also worthwhile to note that the role of the worker as sdller is crucia here.
In a similar model, but where firms play the role of seller of jobs, Jansen (1999)
shows that only one type of job can exist in equilibrium.

2. THE DYNAMIC MODEL

There is large number, N, of identical risk neutral workers facing an infinite

horizon, perfect capital markets, and a common discount factor 5 >0. In each time
period, each worker has one indivisible unit of labor to sell. At the start of each period

t=0123,..., there exist E, unemployed workers, of productivity y, =0, and E,
workers in jobs of productivity y, >0 wherei {12} . Also, at the beginning of each
period, there exist M, =@ (N -E; —E,) vacant jobs of each productivity type
directed at unemployed workers and I\7I2t =g7)2t E, high productivity vacant jobs

directed at employed workers in jobs of productivity yl.9 In each period a vacant job

has a capital cost of k; suchthat y, >y, and k; 2k; [ i=j.Also, any match in

° Note that no low productivity vacant job are directed at employed workersin high productivity jobs.

10



any period may dissolve in the subsequent period with fixed probability o 0(0,1). In

each period, any vacant job can enter negotiations with at most one worker.

Within each period, the order of play is as follows. At the beginning of the
period, given the state, new vacancies enter. Once the number of entrants has been
established, vacancies choose which workers to approach. Once new vacancies have

been assigned to candidates, wages are determined through the auction mechanism.

Wage Determination

Let A, denote the expected discounted value of a match between an
unemployed worker and a job of productivity y, at the start of any period. Through
the auction, the workers share W, of the expected discounted value A, is equal to
the expected discounted value A, of a match between the worker and the worker’s

second best available job offer:

(2.1)

The Assignment of Vacancies to Workers

Unemployed workers advertise auctions with a reserve price of A, while
workers in low productivity jobs advertise auctions with a reserve price of A,. The

workers are distinguishable only by their employment state. Asin the static model, we
restrict attention to the unique symmetric mixed strategy equilibrium in which each
vacancy randomises over each relevant group of workers. Consequently, the new

hires of H,, high productivity workers and H, low productivity workers are given

respectively by:

Hy =(N-E, —E,)py +E; f)Zt (2.2)

Hy =(N-E, —E,)p, —E,4 f’zr (2.3)

11



where p,, =(1-e?), p, =1-e™)e™ and p, :(1—e“2‘). The fraction p of
al jobs dissolve in the next period, therefore, the supply of worker of each type
evolves according to the following transition equations:

Ev = (A-A)(E, +H,) i0{1.2 (2.4)
The randomness of job offers implies that a worker can obtain either one, multiple or

no job offers from vacancies of either type. Therefore, it follows that the expected
present value of an unmatched worker satisfies:

Ve =(Po + Pr + Pa)Ag + (P + P2y + Py (2.5)

where pg + pp + py = (L+ @, + @, )e % e ™ isthe probability that a worker has one
or fewer offers, p+p;=e*(l-ge*-e*)+pe?*(l-e*) is the
probability of multiple offers only one of which is possibly good, and

ps =1-@,e % —e* isthe probability of multiple good offers.
Vacancy Entry

The expected profit M1, of a job of productivity y, making an offer to an

unemployed worker satisfies:
My =max{ (A, —Aq)e e ™ —k,0} (2.6)
My =max{(Ay =Ny )e e ™ +(Ay, —Ny)AL-e*)e™ -k,,0 (2.7)
where e *e™# s the probability that a low or high productivity job does not face a
rival, and (1-e“ )e * isthe probability that a high productivity job faces only alow
productivity rival. The expected profit of an offer by a high productivity to a worker

in alow productivity job is given by:

12



M, = max{ (A, —Ay)e™ —k,,0 2.8)

where e is the probability that high productivity job does not face a competing
offer from arival high productivity job. The supply of vacant jobs of productivity v

is determined by free entry. Thus
rllt:rl2t:ﬁ2tzo (2.9)

The value of an unmatched worker in the next period determines the outside option of

an unmatched worker in the current period, so

Now = BVew (2.10)
The total surplus of a high productivity job is equal to the output of a high

productivity job plus the discounted future flow of income from such a job weighted

by the probability of an exogenous job separation into unemployment:
/\2t =Y, * IB[IOVtﬂ + (1_ p)yz] + :82 (1_ p)[pvt+2 + (1_ p)yz] t.. (2-11)

Wages in low productivity jobs are bargained with the understanding that the
worker will get the increase of surplus associated with any potential favourable future
bargain between the worker and a high productivity job during the worker's tenure at
alow productivity job. Therefore, the expected present value of being a worker in a
low productivity job must incorporate the probability of moving into a higher paying
(high productivity) job in a subsequent period. Hence

/\1t =y t :8(:0Vt+1 + (1_ p)xt+1) + ﬁ1t+1:32(1_ p)(pvt+1 + (1_ p)xt+2) *.. (2-12)

where X, =(Phy, + PiA, + P2A,,)) summarizes three possible outcomes: ;. = e

is the probability that the employed worker is not recruited, pj, = &ZTe“?‘z‘ , is the

probability that the employed worker is recruited by one good job, and

13



pz =1- (ZZt % —e™ isthe probability that the worker is recruited by one or more

high productivity jobs.

In this paper we will, for the most part, restrict our attention to the stationary
equilibrium. However, the following proposition establishes that certain values are

stationary in any equilibrium of this model.

Proposition 3:

The equilibrium values of { ¢, , @, ,ézZt,I'Ilt,I'IZt,I:IZt,\/t N Ny, N\, }, denoted

by{@.@.@, N, N, .0, V,A,,ALA,}, aestationary.

For the remainder of the paper, we restrict our attention to the stationary equilibrium.

3. THE STATIONARY EQUILIBRIUM

The following propositions characterize some of the important features of the
stationary equilibrium. The first concerns the fractions of the workforce that are

assigned, at the end of every period, to the different types of jobs.

Proposition 4.

In the stationary equilibrium, the fraction n, of workers in each productivity

state y, isgiven by:

= P 3.1
Ty G
= @-@- no)(l—f))) Py (32)
p+ (1_ :0) P,
n,=1-n-n, (3.3)

14



where the p,’sare given by equation (1.2) and p, = (1- e‘@) :

Notice that the stationary structure alows us to use some of the results
developed in Section 1, which considers the static model. The next proposition
establishes a sufficient condition for on-the-job search to exist in equilibrium.

Proposition 5: Vacant good jobs are directed at workers employed in bad jobs if
(Y, =y, >@- B@A- p))k,, in which case the supply of these jobs
is determined by:

K, =(y, — Y, )&% + B(L- p)(@e® +e?)k, (34)

This condition ensures that good jobs will open up in response to the existence
of bad jobs. In particular, it ensures that firms will recruit workers in bad jobs.
However, it does not ensure that good job vacancies will be opened up in head to head
competition with bad jobs in the recruitment of unemployed workers. In other words,
we still have to determine whether ¢, is strictly positive. It also does not address the
existence of bad jobs in equilibrium. These two concerns are considered in the

following two propositions.

Proposition 6: Unemployed workers receive more good offers on average than
workers in bad jobs. The supply of good jobs aimed at unemployed
workers is determined by:

(k, —k)e? =k,e ™ (3.5)
where (k, —k,) <k, impliesg, > @,.

The next proposition establishes the existence of an equilibrium with on-the-job

search.

15



Proposition 7: An equilibrium with ¢, @,&2 >0 exists. The supply of bad jobs in this
equilibrium is determined by:

k =y + BA- D)k + ko ~ ko) ™ (3.6)

and the supply of good jobs is determined by equations (3.4) and
(3.5).

Equations (3.4), (3.5) and (3.6) determine the stationary equilibrium values of
4, ¢, and @2 (That is, they determine the numbers of vacancies of the different
types in equilibrium.) Computationally, the system is recursive: (3.4) determines @2
then (3.5) determines @,, then (3.6) solves for ¢ . While simple analytical solutions
are not available, it is straightforward to compute these values numerically, for any
given vector of parameters (y,,Y,.k,K,,B,0) that satisfies the restriction in

Proposition 5. Before proceeding to the numerical analysis, however, it is useful to

draw out some more analytical results.

Proposition 8: The expected values of workersin the different states are given by:

voYo-l@rare) roar et - ga-p)) o5
1- 8 '
No =BV (3.8)
/\2 :M (3.9
1- B(L-p)
A =Yt BV (A= p)A-pe™ —e*)N,)) (3.10)

1- B~ p)(@e ™ +&*)
With ¢, ¢, and é)z determined in equations (3.4), (3.5) and (3.6), the values

of V,A\,,/\;, and A\, can now be determined by the equations in Proposition 8. Once

16



again, this is a recursive system , with V determined in (3.7), then A, and A,

determined in eguations (3.8) and (3.9). With V and A, determined, (3.10)

determines A, .

We can now solve for the period wages in the stationary equilibrium. These
are determined by:

wo =0 (3.11)
w BV j 0{01,2 3.12
a-pa-py o 10 GB

W+ BV +(1-p)A-ge® —eP)A,) _
1- B(1- p)(pe™ +e™) |

jo{oy

(3.13)

where w’' denotes the wage per period of a worker in state W,'. The following

proposition now presents the entire wage distribution in the stationary equilibrium.

Proposition 9: The wage distribution in the stationary equilibrium is as given in the
following tables.

Wages

0 —
w, =0

W0 = Ay = BV - B(L- p)A, = (A, - AL+ @)e ™)
W=y,

w; = (1= B- PN, - BV
w; = (1= BA= p)A, - BV

2 _
W2_y2

17



Fraction of workforce earning each wage

nd =n,

ny =n(ge®)/(1-e*)

1 _ 0
n=n-n

n; =[1+n,(1- p)/ ple e

n =[1+n,(1- )/ plpe ™ (1-e*) +npe® (L- o)/ p

n; =n,=n; -m

Given the parameters (v,,Y,,k;,Kk,,5,0) and equations (3.1)-(3.10), the
equations in Proposition 9 determine the wage structure in the stationary equilibrium.
At this point, it is useful to compare this structure with that of the static model (given

in equation (1.3)). Clearly, wo,w;, and w. are the same in the two models. While the

reasoning why w{ =0 is straightforward in both models, w; and w? may need some

explanation. The key is that, in each period, the expected value of profits for the each
firm is driven down to zero. If two (or more) vacancies of the same type (but none of
the other type) land at the doorstep of the same worker, any chance of a positive ex
post profit for these firms disappears. The cost they paid to generate the vacancy, is
dready sunk. They are, in effect, just like firms in the static game. The value of
holding the job open into the next period is zero. As in the static game, Bertrand
competition between the two identical firms drives the current payoff to zero. The

value of w; isalso determined, asin the static mode!, by the surplus associated with a
low quality job.

Unlike the value of firms, the value of workers is not driven to zero in the
dynamic model. Whereas, in the static model, each worker’ s outside option is zero; in
the dynamic model, an unemployed worker’s outside option is A, >0. If a worker
receives only one low quality vacancy, the auction mechanism determines that this

worker will receive exactly his outside option. The value of w? in Proposition 9 is
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simply the period wage consistent with that. The determination of w) is entirely

analogous.

Before turning to the numerical analysis of this model, we first consider, once
again, the question of constrained efficiency, where the socia planner chooses to
maximize the total expected surplus

S= max Z,Bt{Y2(E2t+H21)+Y1(E11+H1t)_k1M1t_k2M21_k2M21}

{E2 ELHE HIMEME 5
subject to equations (2.2), (2.3) and (2.4).

Proposition 10: The stationary equilibrium is constrained-efficient.

4, QUANTITATIVE ANALYSIS

There are six parameters in this model: (y,,Y,,K;,K,,8,0). To assess the

guantitative significance of the dispersion in this theory, as our baseline, we picked
parameter values to approximate the US economy in 1995. We chose this year for two
reasons. First, this theory abstracts from any cyclical features, and is essentialy a
theory of an economy that is performing well — the only friction being the basic
coordination problem. Arguably, this was the case in the US at that time. Second,
1995 is the last year considered in Katz and Autor’s (1999) study, which presents
many statistics that are relevant for this theory.

Parameter Values

The Katz and Autor (1999) study analyses weekly data. With an annual
discount rate of 5%, this implies a weekly discount factor of £ = 0.999. Using Kuhn

and Sweetman’s (1998) estimate of a 4% monthly separation rate, we set the weekly

£ =0.01. To focus on an equilibrium with on-the-job search, given the values of

L and p, we restricted our choices of vy,,V,,k, and k, to satisfy the condition stated
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in Proposition 5. We set y, =150, which is at the lower end of the observed
distribution. We chose the values of y,,k, and k, to match the average weekly wage

in 1982 dollars ($255), the “natural” rate of unemployment (3.9%) and the vacancy
rate 2.6%'°. These valueswere y, =1131.3, k, =1500, and k, = 76000. **

Results

Table 4.1, below, presents the equilibrium wage distribution, for this set of

parameters.

Equilibrium Wage Distribution
Wages Fraction of Workforce
w) =0 no = 0.0393
wY =127.11 n’ = 0.0967
w =150 n = 0.0075
Wl = 231.31 n = 0.2812
W = 251.83 nt = 0.5501
w; =1131.3 n = 0.0252
Table4.1

It is quite clear from this table that both productivity dispersion and contract
dispersion play important roles in wage determination. For example, among workers

that receive only one job offer, those that receive this offer from a high productivity

vacancy receive awage of w) = 231.31, while those that receive the offer from alow

1% The actual unemployment rate in 1995 was 5.6%. We chose 3.9% as our approximate target for the
unemployment rate because the unemployment rate settled down to that number in subsequent years,
and this theory is really a theory of the natural rate. The 2.6% figure for the vacancy rate was
extrapolated from Blanchard and Diamond (1989), using labor force figures from the BLS and the
vacancy index from the Conference Board.

" The values of k, and k, may seem quite high, when considering weekly costs. However, we have
modelled this so that these costs terminate once a vacancy is filled — and vacancies are filled quite
quickly in equilibrium. In reality, there fixed costs when creating jobs, and these can be quite large
when considering the capital that is used to match with a worker. Following Pissarides (2000), to keep
the state vector as small as possible, we model these costs as flow costs.
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productivity vacancy receive only w =127.11. This difference is due entirely to
productivity dispersion. However, among those workers that take jobs with high
productivity vacancies, those that had no other offer receive w) =231.31, those
whose second-best offer came from a low-productivity vacancy receive w; = 251.83,
while those whose second-best offer came from another high productivity vacancy
receive W, =1131.3. The difference of these three wages is driven purely by contract

dispersion.

Table 4.1 also shows that, in the stationary equilibrium, most workers are in
good jobs. Adding n and n;, we can see that only 10.42% of workers are in bad
jobs. Altogether, 85.65% of workers are in good jobs. However, very few (2.52%) are

paid the top wage of w =1131.3. Due to contract dispersion, 28.12% earn only
wh = 231.31, while 55.01% earn w, = 251.83. This leaves 3.93% unemployed.

Table 4.2 shows the stationary equilibrium values of some of the other key

variables.

Other Key Variablesin Equilibrium

Good Vacancies Aimed at Workersin Bad Jobs ézz = 0.0516

Good Vacancies Aimed at Unemployed Workers @ =0.0715

Bad Vacancies Aimed at Unemployed Workers @ =0.1471
Vaue of Unemployed Worker N\, = 233,649
Vaue of aBad Job Match N\, = 235515
Vaue of a Good Job Match N, =315541

Table 4.2

From this table, it can be seen that the probability of aworker receiving a good

job offer, when unemployed (1-¢e %= 0.069) is higher than the receiving one when

aready employed in a bad job (1- e %= 0.0503). This occurs because of the extra
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bargaining power aworker in abad job has: if successfully recruited, he must be paid
w; = 251.83, rather the wage w) =231.31 paid to a worker that was previously

unemployed. Overal, the probability of aworker leaving a current job to take another
(0.0503) one is approximately one quarter the probability of a currently unemployed
worker finding a job (1-e“e® = 0.1964). Rephrasing this, in equilibrium, the
“offer arrival rate’” for unemployed workers is significantly higher than the “offer
arrival rate” of employed workers. This is something that has been observed
empiricaly, and is typicaly assumed in “undirected search” models with on-the-job
search.™

From Tables 4.1 and 4.2, another feature of the equilibrium can be seen.
Although the vacancy/unemployment ratios for good and bad jobs are quite similar in
magnitude, in the stationary equilibrium, the vast majority of workers are in good
jobs. On-the-job-search is significant enough to drive this result. Workers in bad jobs
know that they will not stay there for very long. Thisis also reflected in the fact that
the ratio A\,//A\; =1.34 is significantly smaller than the value of y,/y, =7.54. The
values of the matches include al expected returns to both the firm and the worker.

Thus, as can be seen from equation (3.10), the value of A, takesinto account the fact

that the worker will, most likely, move on to agood job in the future.

The next table, Table 4.3, compares some of the statistics from this example
with those from US data.

12 See, for example, Pissarides (1994).
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Comparing Statistics

Statistic Model USData
Mean Wage 255.55 255.00
Standard Deviation Log Wage 0.327 0.616
90%-10% Log Wage 1.08 1.54 (1.15)
Unemployment Rate 3.93 5.6 (3.9)
Vacancy Rate 2.6 2.6

Table4.3

The values of the parameters were chosen so that the mean wage, the
unemployment rate, and the vacancy rate were close to those in the data. The mean
weekly wage for males in the US was approximately $255 in 1995. The
unemployment rate 5.6% overal, with an estimated natural rate of 3.9%. The
corresponding figures from the model are $255.55 and 3.93%. Katz and Autor report
that the standard deviation of the log wage in the US overall in 1995 was 0.616. In the
model, the corresponding figure is 0.327 — approximately 53% of the figure in the
data. Thus, one could argue that 53% of this observed dispersion was due to the
coordination problem, which results in both productivity dispersion and contract
dispersion among workers that are effectively homogeneous. This result is reinforced
by another statistic reported by Katz and Autor. They report the differences of the 90"
and 10™ percentiles of the log wage distribution, both overall and for the “residual”
wage distribution. In the US, overall, in 1995, this figure was approximately 1.54
overall and 1.15 for the residual distribution. In the model, this figure is 1.08. Thus,
by this measure, this ssmple model can explain alarge proportion of the residua wage

dispersion.

We can also use this model for local comparative static exercises — comparing
the equilibrium outcomes across stationary equilibria with different parameter values.
The following table presents the results from this exercise, for small perturbations

around the parameters in the above base case.
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Y1 Ky Y, K, B P

? - 0 + - + -
A - + + - + -
¢ + - - + - +
Vv + - + - + -
A, + - + - + -
N, + - + - + -
N, + - + - + -
w) + - - + + -
Wt + 0 0 0 o0 o
wd + + + - + -
w; + 0 + - + -
W2 o o0 + 0 0 0
nd - + + - + +
n’ + - - +
n - - - +
ny - + + - + -
n; + - - - - -
n; - + + - + -
W + + + - + -
Tiogu - + + - + -
log90 —-log10 - + + - + -

Table 4.4: Comparative Statics

Most of the signsin this table are quite intuitive. Two that are not immediately
obvious are onJ/dy, >0 and dng/dk, <0. That is, the unemployment rate is a

decreasing function of the productivity, and an increasing function of the cost, of a
good job. Thisis understandable, however, when observing that it is also the case that

an?/dy, <0, an//dy, <0 and on’/dk, >0, on/dk, >0. In this case higher
values of vy, , and lower values of the cost k,, while increasing the number of good

jobs, generate a decrease in bad jobs and lower the overall employment rate.
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Another interesting feature that comes out in this table is that higher values of
the separation rate p lead to higher unemployment rates, but less dispersion. This

leads to a reduction in the expected present value of the stream of future payoffs,
which affects the expected return from good jobs disproportionately since they have
higher costs to be paid up-front. This reduces the number of good jobs, and the wage
in good jobs, while encouraging the entry of bad jobs. Overall, unemployment goes
up, due to the large direct effect of separations on unemployment. However,
dispersion is reduced by the diminished relative value of good jobs. This offers an
aternative explanation for the negative correlation observed between these variables,
and analysed, in an undirected search model by Delacroix (2001).

5. CONCLUSIONS

From this analysis, it appears that a large proportion of the observed wage
disparity among similar workers can be seen as a direct consequence of the lack of
coordination among employers. When each employer chooses, independently, the
quality of a job and the candidate to offer it to, then the theory predicts that we will
observe both contract dispersion and technology dispersion. In the absence of this
coordination problem, all employers would choose the same type of job, and would
pay the same wage to identical workers. Quantitatively, when calibrating the model to
match observed mean wages and unemployment rates, we found that, despite its
simplicity, it can come remarkably close replicating the dispersion statistics that have
been calculated, in independent studies, for US data.

We also found that the equilibrium allocations are constrained-efficient in the
sense that a planner could do no better unless able to eliminate the coordination
problem, (and hence, the matching friction). In particular, the policies advocated in
(for example) Acemoglu (2001), which influence the relative composition of good
and bad jobs without reducing the matching frictions, would only hurt here. Thisis an
example of how conclusions can be quite different in models with directed and
undirected search.
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One appealing feature of this model is that the measures of dispersion are
unaffected by simple scaling up of the productivities and costs. Future work,
therefore, could imbed this model into a framework with asset accumulation and
innovative activity, to examine the joint determination of dispersion, growth, and

unemployment.
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APPENDI X
Proof of Proposition 1:

Using (1.5)-(1.7), the expected profits of the two types of vacancies are:
m=e%?”y -k =0and 7, =e e ”y,+e”(1-e*)(y, - V,) -k, =0. Solving
these simultaneously yields (1.8) and (1.9). It is easily shown that @, >0 iff
Y.~k >y, —k and y, /k >y, /k,. m

Proof of Proposition 2:

An interior maximum of the socia planning problem satisfies k, =e“e™”y, and
k,=e%e”y,+e”(1-e“)(y,-y,)which is the same as the decentralised
economy. It follows from the proof of Proposition 1 that y, -k, >y, -k, and
Y, k, 2y, [k imply ¢,¢,20. =

Proof of Proposition 3:

In a stationary equilibrium the values of { @, ,@,,@, .My, My, M, Ve, Ay Ay Ayl
are given by

(A-l) V= /\2 - (/\1 - /\0)(1+ @+ wz)e_qjle_w2 - (/\2 - /\1)(1+ goz)e_(ﬂ2
(A.2) M, =max{(A\, -N\,)e *e?* —k,0}
(A.3) M, =max{(\,-A\,)e e ” +(\,-N\)1-e*)e” -k,,0
(A.4) [, =max{(A, - A,)e” —k,,0}
(A,5) n,=0
(A.6) n,=0
(A7) Mn,=0
(A.8) No =BV
(A9) A, =BV
1-p1-p)
(A.10) A 2Nt BOV A== ge” —eIA,)

1- BL- p)(@e ™ +e)

We have 10 independent equations for the 10 proposed stationary variables. The
parameters { 5,V,,Y,,K,K,, 0} of these equations are constant. Moreover, al of
these eguations are independent of the potentialy non-stationary state
variablesE, ,E, ,M,, etc.. Therefore, { @, , @, , @, , M, .M, M,,V,,Ay Ay Ay} are
stationary in equilibrium. m
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Proof of Proposition 4:

In a stationary equilibrium, equations (2.2), (2.3) and (2.4) imply

(M H,=(N-E-E)p, +Ep,
(i) H,=(N-E-E)p-Ep,
(i) E =(E +H)1-p) O D123

Note: €) (i) implies  H, =(E, +H,)p Oi 0{1,2
(b) definition: n=(E +H,)/N i 0{12
(©) identity: N, =1-n,—-n,

We can rewrite (i) and (ii) asfollows.

(i’) /M, = (1_(n1+n2)(1_;0)) P +(1_:0)n1f)2
(ii’) oy = (1_ (nl + nz)(l_ :0)) P~ (1_ p)nl f)z

Notethat (i") plus (ii’) implies
(iv) p(n, +ny) =@=(n, +n,)A-0))(p, + p,) OF

PL-ny) ==~y )= P))(p, *+ P,)
This gives:

_ A
e T T

We can substitute (v) into (ii’) to get

— [1-(@1- no)(l_ o)l Py
p+ (1_ :0) r)z

Vi) n,

Finally, by the identity

(vi) n,=1-n,-n m

Proof of Proposition 5:

Equations (A.10) and (A.9) imply that the difference between A, and A, is as
follows:

(A.11) A, —-A, = "%
1-B1-p)pe” +e®)

Equation (A.4) and g?)z >0 imply
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(A.12) e?(N, - A,) =k,

EquatAi ons (A.11) and (A.12) yield equation (3.4). It is easy to see from equation (3.4)
that ¢, isaways positiveif (y, —y,) >1- Q- p)k,. =

Proof of Proposition 6:

On-the-job search impliesthat g, ¢, > 0. Therefore, equations (A.2) and (A.3) imply
(A.13) e (N, - N, =k,

(A.14) (A, —N,)e%e” =k

Equations (A.9), (A.13) and (A.14) can be used to eliminate A\,, A,-A, and A-/\,
from equation (A.1). The appropriate substitutions yield

(A.15) v =2 ‘|k1(1+¢{ +@) +k,(1+ (ﬂz)e_%e@)(l—ﬁ(l—p)ﬂ'
1-58

Equations (A.9) and (A.8) imply that the difference A,-A, isgiven by

_y,-(-B)BU- p)V
1- BL- p)

(A.16) A, =N,

In an equilibrium with good jobs aimed at unemployed workers it must be the case
that

(A.17) (A, =N)e%e” +(N\,-N)L-e%)e” =k,

Substitute (A.15) and (A.16). Then substitute this expression and (A.11) into (A.17).
Thisyields equation (3.5). =

Proof of Proposition 7:

Equations (A.10) and (A.8) imply that the difference between A, and A, is as
follows:

A.18)
1 L VLBA-p)i-ge” -e?) | (1-B-p)pY

N =Ny = ~ | 1
1- BA- p)(@e™® +e7%) 1-B@1-p) 1-B@1-p)
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If we assume that ¢1,¢32 >0, we can substitute (A.15) into (A.18) to get an expression
for A;-Ayin terms of g,@,&z. This expression can be substituted into equation

(A.14) to yidd (3.6). Therefore, an equilibrium with @,@,&2>0 is characterised by
equations (3.4), (3.5) and (3.6). According to Propositions 1 and 2, we know that
@, &2 >0 are determined by equations (3.4) and (3.5) and that both values are positive
if (y,-vy,)>@- 80— p)k,. We can then substitute these values into equation (3.6)
to check whether ¢>0. m

Proof of Proposition 8:

Follows directly from the equations derived in Propositions 4 through 7. m

Proof of Proposition 9:

Thevaluesof n! are obtained in afashion similar to Proposition 4.

(i) H) =(N-E -E,)p;

(i) H;=(N-E -E)p; +Ef;

(iii) H; =(N-E -E)p, +Ef;

(iv) H, =(E,+H,)p bi 0{01,2
(v) n, =(E,+H})/N 0i 0{0,1,2}

Note that (iv) also impliesE}, = (E} + H})(1- p) 0i 0{0,,2} . Recaling the proof of
Proposition 4, we can rewrite (i), (ii) and (iii) as follows.

(") P = p(L=ny) p; + 1, p;

(ii*) P, = p(L=ng) p; + 1o P; + (1= PNy P
(ii*) pn; = p(L=ng)p; +n,p; + (1= p)n, p;
which gives:

ny =[1+n,(1- p)/ ple e ”
n =[1+n,L- )/ plpe ®(L-e %) +npe (1- p)/ p

nf=n,-n)-n,. m
Proof of Proposition 10
There are two types of high productivity vacancies- M,, and I\7I2t. Therefore, it is

actually convenient to distinguish (i) the workers that moved into good jobs from
unemployment and (ii) the workers that moved into good jobs from bad jobs. Define

(B.1) En =E, +Ey i {12
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Likewise H,, = I-AI2t + I:|2t, i 0{1,2 . In which case, the socia planning problem can
be stated as follows:

(B.2)
S= . mx. S BBy + B+ Fi + Ho) + 4y + Hy) =My, ~ k(M + M)
4t Szt E2e M1 Fo Hoes | 1=
{ My Mo M
subject to
(B.3) |:|2t =(N-E; - éZt - EZt)(l_e_%t)
(B.4) H2t =E,(1-e*)
(B.5) =(N-E, -E, -E,)(1- e™)e ™ - E.(Q- e?)
(B.6) E1t+1 (1-p)(E, +Hy)
(87) 2t+1 (1 p)(Ezt + Hzt)
(B.8) Epr = (1= P)(Ey + Hy)
where M, = %(N By —Ex - 2t)7 M, = @t(N E - EZt) and M2t CA”ZtElt-

Note that (B.3) and (B.6) implies

(Bg) e % = N - E1 — éZtN — E‘2t+1/(1_ p)
N Elt 2t

or, dternatively,

(B.10)

M2t - E2t+l — -
= —=-(n(N-E, -E, ———=)-In(N-E,, —E;, —E,)))
N_EZt_Elt_EZt 1-p

O =

Likewise (B.5) and (B.6) imply

M Epu *Eyu +E E -
(B_]_]_) @, = _ = —(In(N - =22~ 2+1) _ (N - —2*L -E, -E,))
N-E, -E; —Ey4 1-p 1-p

and (B.4) and (B.8) imply

A A

M A E,. A
E2t = _(In(Elt +Ey _ﬁ) _In(EZI)j

1t

(B.12) @ =

We can then rewrite the socia planning problem.

_ Ya
(B.13) V= S Ez,ﬂem{ 1- ) FEa)t (1- ,0) Sun*
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E2t+1 -

1-p “Ey —Ey)-In(N-E, —E; - E2t)j+

k,(N - Ej —E, - ém)(ln(N -

. B )
K, Elt(ln(Elt +Ey - 1_2t;)) - ln(EZt)} +

E2t+1 + E1t+1 + E2t+1) _ In(N _ E1 _ éz _ E2t+l
t t
1-p -p

[EEN

kl(N _EZt _Elt_EZt)(ln(N - J*',B\/(t"'l)

The first order conditions (with a slight abuse of notation) are as follows

< E2t> VI(Ezt) =k,@, +k @, +k,
< éZt > VI(EZt) = k2¢2t - kze(pZI + kze(p21 + k1ﬂt + kle¢h + kz
< Elt > VI(Elt) = k2¢2t - kze¢2t - kZ&Zt + kze@t + kl(”n + kle%

<Eni> 0=y, —ke” +ke”(1-e”)+ B(l- pV'(E,u)
< é2t+1> 0=y, - kzeg;)2 -k,e”e” + B(1- p)V'(ézm)
<Eyu> 0=y, -ke"e” + B(1- p)V'(E.,)

This system of equations can be solved for the steady state values of @, ég @,. The
results are as follows

(B.14)
k2 = )/26_@6_402 + kz (1_ :0)¢§:&_(/Jle_w2 + kl(l_ p)ﬂ&_@e_% + (1_ e_ﬂ)(kz - kl)

(B.15) k, =(Y, - V,)e ™% + B(1- p)(@e™® +e )k,
(B.16) k, = y,e e +(1- p) B(K, @, — k€ —k, @, +k,e” + kg +ke*)e e

Equation (B.15) is the same as Equation (3.4). Manipulation of equations (B.14) and
(B.16) yields equations (3.5) and (3.6). =
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