KITT Book Equations Derivation

by Andrew Binning

1 Introduction

This note contains derivations of the key equations in the KITT book. We
also include some additional derivations that are not in the book but may
help with understanding and interpreting the model. Section 2 looks at the
household’s problem, section 3 looks at the firms’ problems, and section 4
looks at the foreign firm’s problem.

2 Households

This section begins by looking at the household’s aggregation problem for
labour, the household faces similar problems when aggregating other differ-
entiated goods. Subsection 2 describes the household’s problem. Subsection 3
goes through the working for the household’s wage setting problem, subsection
4 derives the consumption demand equations, subsection 5 derives the Euler
equations and subsection 6 looks at the investment decision.

2.1 Labour aggregation

To introduce sticky wages into the model, labour needs to be differentiated.
This allows workers to set their wage as a mark up over the marginal rate of
substitution between consumption and labour (the wage that would exist in a
perfectly competitive labour market). There is a continuum of labour varieties
indexed from 0 to 1. Household’s supply all varieties of the differentiated
labour input which is aggregated according to Dixit-Stiglitz constant elasticity
of substitution (CES) aggregation. Aggregate labour is given by
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where L, denotes aggregate labour, ¢;; is the ith variety of labour for ¢ €
[0,1] and € > 1 is the elasticity of substitution between differentiated labour.
This elasticity has to be larger than 1 to ensure that the labour varieties
are sufficiently substitutable, and the demand curve sufficiently flat to ensure
workers’ marginal labour revenue is positive.

The household chooses the quantity of each variety of labour to minimise costs
subject to the demand for aggregate labour:
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where W, L; = fol wyl;; di is the aggregate wage bill, and w;; is the wage paid
to the ith variety of labour.

We set up the Lagrangean for the household
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where AL is the Lagrange multiplier, which is the shadow price or the cost of
violating the labour supply constraint by an extra unit.

We get the following first order condition for the ith variety of labour
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which we can rearrange to get
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Rearranging for /;; gives the CES demand for the ith variety of labour
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where W; = AL, follows from Al being the shadow price, the cost of violating
the constraint by increasing aggregate labour by an extra unit. We can in-
terpret AL as the marginal cost of increasing labour. Because the aggregation
process is perfectly competitive, price equals marginal cost. In this case, price
is the aggregate wage rate, W;.

To find the explicit functional form for the aggregate wage W;, we can substi-
tute the demand functions for each variety of labour ¢;;, into the CES labour
aggregator function, and then solve for the aggregate wage
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We can bring L;, aggregate labour, to the front of the integral because it is a
constant and independent of the variety of labour
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Dividing both sides by L; gives

Raising both sides to the power 1 — % gives
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Multiplying through by W'~ (because it is independent of labour variety)
gives
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Raising both sides by the power i gives
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which is the aggregate wage rate.

2.2 The household’s problem

Households derive utility from the consumption of tradable goods, non-tradable
goods, petrol and housing services, and disutility from working. Households
are infinitely lived, and want to maximise the present value of the sum of their
future stream of utilities subject to certain resource constraints.

The household’s utility function is given by:
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Ey is the expectations operator conditional on time 0 information, (3 is the time
preference parameter, C is consumption of tradables, C}' is consumption of
non-tradables, " is a shock to non-tradables consumption, C’tf is consumption
of petrol, C" is consumption of housing services, x is the weight on deep habit,
w, is tradable’s share of consumption, wy is petrol’s share of consumption, wy,
is housing service’s share of consumption and 7 is the inverse of the Frisch
elasticity of labour supply. A bar over a variable indicates the variable is an
aggregate variable and that the household is too small to influence this directly,
so does not take into account its own impact on these variables when making
decisions.

Households maximise utility subject to four constraints:

e A resource constraint:
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e The law of motion for business capital:
K= (1= 68)K,_+IF.
e The law of motion for housing capital:
Hy = (1= ) H + (1)
e And the demand for differentiated labour services:
lip = (wie/Wy) ™ Ly.

PT denotes the price of tradables, Ptf is the price of petrol, P} is the price of
non-tradables, P¢ is the cost of construction, I¥ is business investment, I} is
residential investment, B, is foreign debt denominated in the local currency, £f
is a consumption preference shock rl is the effective interest rate, R; is the
rental on business capital, K is the stock of business capital, II; are profits, ¢.
is the weight on adjustment costs in the consumption of petrol, ¢, is the weight
on the installation costs for residential investment, ¢, is the weight on the
installation costs for business investment, &, is the weight on wage adjustment
costs, €} is a wage cost push shock, H; is the stock of housing capital, and
is residential investment’s share in the production of new housing

2.3 Wage setting

Households maximise utility by setting wages subject to the budget constraint
which includes a convex wage adjustment cost. In the presence of a shock,

1 Note that Smets and Wouters (2007) refer to this as a risk premia shock.
2 This assumes there is a fixed factor, namely land, in the production of new houses.



these adjustment costs prevent the household from adjusting wages to the
flexible price income maximising level, that is wages exhibit some stickiness.
Households are able to set their wage rate because labour is differentiated[?]
When households set wages they also take into account how their wage setting
decision for each variety of labour impacts the demand for that variety of
labour. This means substituting (w;;/W;)™“ L, for every {; in the household’s
problem.

The disutility of labour in the utility function is given by
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Substituting in the CES labour demand function for ¢;; (equation (5)) gives:
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Substituting the CES labour demand function for ¢; in the labour income
term in the budget constraint gives
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Substituting these terms into the household’s problem and setting up the
Lagrangean:

3 This allows households to set different wages for each variety of labour and not
lose their entire market share if wages are set above the aggregate wage, and not
gain the entire market share if wages are lower than the aggregate wage.
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where A; is the Lagrange multiplier for the budget constraint, and is the
shadow value of wealth, the cost of violating the budget constraint by an
extra unit. ® and ® are the Lagrange multipliers associated with the law
of motion for business and residential capital respectively. These Lagrange
multipliers can be interpreted as the cost of violating the capital constraints,
or the marginal cost of capital. 2" is a shock to house prices.

The first order condition for wages of the ith variety of labour is given by
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The steps that follow involve rearranging this first order condition to get back
the Phillips curve for wage inflation.

We now allow W; = W, and L, = L,, which gives
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Multiplying through by w;; gives
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We make use of the fact that VZL* = (wit%f)t* o = th_gwft where we have

substituted (w;;/W;)™ “ L, for ¢;, to get
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Dividing through by A,
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Replacing (1 — €) with —(e — 1) gives
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Dividing through by ¢ — 1 gives
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In equilibrium L, = fol ;y di because (j; = £;; Vi,j € [0, 1] so that fol l,di =
(e ai)

We substitute &}’ = —? where the left hand side is the standard first order
condition for labour When labour is homogenous, that is the marginal rate of
substitution between aggregate labour and consumption in the utility function.
This gives
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In a symmetric equilibrium w;; = wj Vi, 5 € [0, 1] so that W, = w;; Vi € [0, 1]
and
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which is the second term on the right hand side in equation (23). This term
is highly non-linear, so we linearise it by taking a first order Taylor series
approximation around the steady state.

The general form of a first order Taylor series approximation for a multivariate
function around its steady state is

f(xb Yty - - ) ~ f(xssa Yssy - - ) + fxz (:L‘s& Yssy - - ')(xt_xss) + fy(xssa Yssy - - ')(yt_yss> + ...

Applying this to D, gives:

Dy(Apyr, Ay, Wi, Wy, Ly, Ly, Alog wigyq, Alog Wy) =~
D(A, W, L, Alogw;, Alog W)

+ Dy (A, W, L, Alog w;, Alog W) (A — A)

+ Dy, (A, W, L, Alogw;, Alog W)(A; — A)
+ Dw,,., (A, W, L, Alog w;, Alog W)(Wyy1 — W)
+ Dy, (A, W, L, Alog w;, Alog W)(W; — W)

+ Dp,, (A, W, L, Alogw;, Alog W) (L1 — L)

+ Dy, (AW, L, Alogw;, Alog W)(L; — L)
+ Datogwiet (A W, L, Alog w;, Alog W)(Alog w41 — Alogw;)
+ Dw, (A, W, L, Alog w;, Alog W)(Alog W; — Alog W).

Evaluating each of these derivatives
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Plugging these into the first order Taylor series approximation for D; gives
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Because Alogw; = Alog W in the steady state, all the terms in D, disappear
except for the last two, so that D; becomes

Dy~ [ (Alogwy1 — Alogw;) — B (Alog W — Alog W)
~ (O (Alog w1 — Alog W),

or alternatively we can use the first order Taylor series approximation of an
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exponential function: exp(#;) ~ 1 + #; to get
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because (5\t+1 + Wi + Zt+1 — N\ — Wy — lAt)(ijrl — i) is very small close to the
steady state.

Substituting in the first order approximation of D; into equation (23) gives
the Phillips curve for wages:
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We can go one step further and take a first order Taylor series approximation
of the real marginal rate of substitution:

where w; = logW; — logW and ggi“ = log ®}" — log . We make use of the

fact that: (i) % = 1, in the steady state, and the first order Taylor series

approximation for an exponential: exp(z;) ~ 1 + z; for x; small.

~

It follows from the definition of the marginal rate of substitution, &} = —1{,
that

O =nls = v, (28)
where [, = log L; — log L and A = log Ay — log A.

This allows us to write the wage Phillips curve as
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The log deviation of the shadow value for wealth A, will be negatively related
to nominal consumption and includes the income effect.

2.4 Consumption

In addition to choosing labour ¢;;, and wages w;;, household’s choose consump-
tion of tradables C}, non-tradables C}', and petrol C’tf , business investment I,
residential investment I, business capital K;, housing capital H;, and debt
B; to maximise the expected sum of discounted future utility.

Setting up the Lagrangean:

wr(1 = x)log(C7 — xCLy)
N +w(1 - x)log(Cf — xCLy)
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+ B (L1 ) — fo wirlsy di — R K,y —T1,
+16.P/Cf (log ] ~1ogC{ )’
+3u PEIY (log Il —log Il | — 5?)2
+su Py IF (log IF —log I, — 63@"“)2
+f01 [;watEt (A log w;; — AlogW,_; — 5,@”)2} di

—Eo ) A
t=0
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where we have substituted CJ' = H;_; exp(e§").

The first order conditions for tradable, non-tradable and petrol consumption
are given by:
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~ AP/ = Mo PIC [log Cf —1og CLL] (&) (39

Ptilctfﬂ f f
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which can be rewritten as{?]

(1 —wr —wy —wn)(1 = x)

Cr = PrA, + exp(ef")xCity,
WT(l - X)
Cl=———---~ Cr
t PrA, + X0y,
wy(1—X)
Cf: f + Cf_ ,
CTRIAg T

where o = 1 + ¢, [log th — log th_l} — Boc Ey [log th+1 — log th} This ad-
justment cost term comes from a first order Taylor series approximation of
the last term in equation (34). This is derived below. We deﬁndﬂ

PlL.cl,

c/

Dy(Avi1, Py, Cliy, O log OF log €y ) = A 6 log C,; —log Y.

Taking a first order Taylor series approximation gives:

4 Dropping the bars because we are in a symmetric equilibrium.
5 T have ignored the expectations operator to simplify the notation.
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~D(A, P',CY 07 log O log CF)
+Dy, (A, PF.CT 07 log C7 log CF) (A — A)
+Dpys (A, P!,CT,C7 log €7 1og OF) (P11 — PY)
—|—Dth+1 (A, PY,CP 07 1og Y log C’f)(C’Hl )
+Des (A, P1,CT,C7 log €7 log CF) (Cf - €Y)
+D A, Pf,Cf,Cf,long,long)(logth—logC’f)
+D (A, Pf,Cf,Cf,long,logC'f)(logCgH —log C7).

log C’tf (

log C’tf+1

Evaluating the Taylor series approximation around the steady state gives

Dy Dy o (A, Pl .c! ¢! log €7 log CF)(log Cf —log CY),

—|—D10g ol (A, P/.ct, ' 1ogCY , log C’f)(log th+1 — log Cf).

This is because log th 41 = log C’tf in the steady state, eliminating all other
terms.

Evaluating the derivatives gives:

oD, t+1Ct+1
i 20 A L
dlog Ct —BAi110 Ot
oD, c/
A . t+1 t+1
7alog0 = BA110 7t

Plugging these back into the Taylor series approximation gives

D, ~ ﬁA¢cPf(log Ciyq —logC) — BA¢CPf(log Cy —log C)
~ BA¢.P’ (log C,y — log C).

Or alternatively we can make use of the first order Taylor series approximation
of the exponential function to get:
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mﬁﬁﬁcAPf [1 + ;\t+1 +]5{+1 + é{-i-l - éﬂ [
~ B AP [Ct+1 B Cﬂ
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Where the third line follows from the fact that [5\t+1 + 13,{“ -+ é{+1 — é{ } [c{ 41— el }
is negligible.

This approximation does not depend on the time subscripts for P/ and A, so
that the first order Taylor series approximation of

Pt]jrlct+1

t

BA 16— [log Oy —log CF | & BA@. P/ [log Cf,y —log O | .

This allows us to write the first order condition for the consumption of petrol
as:

AP = Mo PLC flos € —tog L] (&)

PlaCly f f
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t

— AtPtf ( + O {log th — log th—J
+08¢. [log i1 — log thD .

Which we can solve for the demand for petrol.

2.5 Capital and debt: the Euler equations

Household’s choose the level of housing capital, business capital and the level of
debt to hold. We get the following first order conditions from the Lagrangean:
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t
oL .
TBZZ =—Nyexp(ef) + Eq (6At+1(1 + T?)) = 0. (38)
(39)

Rearranging these gives us the Euler equations for housing and business cap-
ital, and debt, respectively:

w
At(ID? = 6Hh + B E; At+1(I>f+1(1 —0n) exp(sfh), (40)
t
A®@F = BE; Aya (Rep + (1= 6,)5,), (41)
At:ﬁEt At+1(1 +7"?) eXp(—Eg). (42)

2.5.1 Business capital

We can combine the Euler equation for business capital with the Euler equa-
tion for debt and rewrite the result in a more familiar form. This can either
take the form of the Fisher equation, or we can express the price of capi-
tal goods as an asset price, equal to the sum of future discounted stream of
earnings.

Fisher equation form:

Substituting in our debt Euler equation for A; on the left side gives

BE A (1 + 7"?) exp(—gfg’)(I),’f = BE; A1 (R + (1 — 5k)q)1’:€+1)- (44)

Canceling terms

k
(14 77") exp(—ef) = B |25 + (1 - 60) 5 - (45)

Taking a first order Taylor series approximation of the shock term on the left
side (exp(—¢§) = 1 — &f), and rewriting the gross inflation rate of business
investment prices in net terms, gives
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(1+7f)(1 = ef) = B [Tk + (1= 00) (1 + )| (46)
where ®F, | = (I>t+1 + OF.
Expanding these terms gives
1+rf— —rtetNEt Rt“—l—l—dk—i— q)k L — 0 t“}. (47)
We can rewrite this as
Lot — el ~ E, {Rt“—kl—ék%— **1}, (48)
Pk
because ry'ef and d,—4 are small.
t

We can then rearrange this into its Fisher equation form:

t

B (- o)~ - B () - (49)

E, ((1—%1—%2) (Pq)f{) —5k) o Et( ) —e o (50)

where the term on the left side is the real return on business capital, and the
term on the right side is the nominal effective interest rate less the inflation
rate on the price of business investment (i.e. the real interest rate for this

sector) []

Asset price form:

We can also rewrite the price of business investment in its asset price form,
that is equal to its expected future discounted stream of earnings or marginal
products. From equation (44), we have

BE A1 (1 +77) exp(—e))@f = BE, At (Rer + (1= 0) P y). (51)
Dividing both sides by BE; Ay (1 + 7l') exp(—¢¢), gives

6 Note that we use the equilibrium condition K| = K; ;.
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We can then substitute in all future values of ®F to obtainﬂ
o= | R (1 — 5#]
o5 = Eo [ exp(&p), (53)
" z;] Il (1 +17) ’
PZ Zia
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ok =, . exp(eg). (54)
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The price of a new business investment good today is equal to the expected
discounted sum of earnings (marginal products) from the quantity of invest-
ment goods purchased today, where the marginal product at date t + 1 of a
unit of capital bought at date 0 is equal to Ryy1(1 — 0x)". We can see this if
we substitute date 0 investment into the production function for intermediate
goods and differentiate with respect to date 0 investment at some future date
t+ 1.

The production function for intermediate goods at date ¢ + 1 is given by{®]

Zys1 = (F2) (A1 (Ligr — Lo)| ™™ (K)' 7772,

where Z,y; is the intermediate good, Ff7 ; is oil, A4y is technology, L,y is
labour, L is overhead labour, K is business capital, v,; is oil’s share of pro-
duction and 7,5 is labour’s share of production.

We can write the capital stock as the sum of past investment

Kiy=IF + (1 - 6) K,

t
=3I = 6)" T+ IE (1= 6)" + (1= 6) T K

=1

Plugging this into the date t 4+ 1 production function gives

7 Using the equilibrium condition K| = K; ;.
8 Using the equilibrium condition K| = K;_.
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Differentiating with respect to date 0 business investment gives

(P Zi4)

EYE: = (1 =21 = 722) PE (B2 [Aa (L — Lo)]™* %
0

—Yz1—7Y22
(Z IR = 6) ™7 4+ IF(1 = 0p)" 4+ (1 — 5k)f+1K1) (1 — )
= (1 =721 — va2) Py (FE) ™ [Aa (Lig — Lo)] ™ (Ky) 777722 (1 — 6)'

7
= (1= a1 — Ya2) PA — (1= 6)!
:Rt+1(1 - 5k)t

Which shows that R;1(1 — )" is the marginal product of date 0 business
investment at date ¢t + 1.

2.5.2 Housing capital

We can also combine the Euler equation for housing capital and the Euler
equation for debt and then rewrite this result, either in its Fisher equation
form or as an asset price.

Fisher equation form:
Combining the Euler equation for housing with the Euler equation for debt

gives:

Puwn

nate(-e) = |G
t

+ BBy At+1q)t+1( - 5h)] 5 (55)

BE A (1+ 1) exp(—ef — ;)@ = [ﬁH: + B Eq At+1q)t+1< - 5h)] - (56)
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Dividing through by G E; A; ;1 gives

W,

Taking a first order Taylor series approximation of the shock terms (exp(—e§—
Ph) ~ 1 —e5—eP") and rewriting the gross inflation rate of house prices glves

(1+78)(1 - 2 — =) ~ B, [wﬁlm +(1+ %) a —%)1 L (8)

where @}, | = <I>,’}+1 + Oh.

Expanding out the terms gives

c Wh PHh Ph
1+7’?_€t—€?h—7°?€t—7’?5?h ~ Et [(IM + 1 + étﬁl — (Sh — (Sh (It;tgl‘| (59)
Which simplifies to
h ¢ _®h Wh o,
ry—el—eg "~ E + — 5,1] 60
t t t t lcb?/\HlHt or ( )

i are small.

because rief, rief™ and 5h o

We can then rearrange to get this in Fisher equation form:

Wwh o h o oh
= a0 =t E () e oy
Et< )Nrt Et< )—5t—sfh (62)
where we define P8, = A b7~ as the rental on housing services.

Asset price form:

We can also rewrite the price of housing as an asset price, the sum of the
discounted future stream of earnings. We begin from equation (55)
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BE A (1+ Tth) exp(—af)@? = [ﬁh + BE; At+1<I>t+1( — 5h)] exp(gf’h).

H,
(63)

Dividing through by G and E; A, gives

Wh

1+rh)ex —gquh:E[
( i) exp(—e;)P; tAt—i—lHt

Pl 0ol (0
Dividing through by (1 + 7*) exp(—&¢) gives

oo+ era (1
1+

P = E,

-9
’”] exp(ef + =), (65)

Solving this forward by substituting in the terms for future house prices gives

o = E i Ko (L= 0n)' exp(el + ") (66)
= L )
° t=0 H§'=0(1 + r]h) 0 0
Phs 5h)t]
=E I T ] exp(e€ + 21, 67
o) =By | AU g+ ) (67

We can see that house prices can be expressed as the sum of their discounted
future stream of (imputed) earnings or marginal utilities of housing services.

2.5.8 Consumption euler equations

Combining the first order condition for debt with the first order conditions for
non-tradables consumption, tradables consumption and consumption of petrol
gives their respective Euler equations

Gy —xC; = Lrp c
£ (Ct ex?(s,f")xcf_l> =P E (1+7rf+1> exp(—ey), (68)
C] rh .
E, (%) =B E; (lirgt+1> exp(—ey), (69)
Crp=xCl) _ Ltrp S
B (cfH><cf_) =AE (Hﬂg;l) (M ) exp(—¢f). (70)
(71)



2.6 Investment

Households also choose housing investment and business investment, which
gives us the following first order conditions

or )

ot = AP — AP [log IF —log IE, — <] (1) +ADE =0, (72)
t t

or ] )

t— AP = NPT [log I — Tog T, — <] ()

8It t

+HAR (1) = 0. (73)

In symmetric equilibrium I} = I and IF = IF so that

®F/P7 =1+ (log If —log I, — ), (74)
h(h)Yh 1
AU 1t (log IF — log Il — <) (75)

These can be interpreted as the demand functions for business and residential
investment respectively. They are also the supply functions for new business
capital and new housing capital, respectively.

Installation costs on business and residential investment imply demand for
business and residential capital is downward sloping in the short run, and the
supply of new business and housing capital is upward sloping in the short run.
To see this we can log linearise equations (74) and (75), and rearrange to get

it = (L) [or —p7] +if s +elh, (76)

it = (o=t [oF — 58 + w(ily + M) (77)

where ¥ = log (%:), oF = log (ﬁ) 0y = log (PT), ZL = log (?Z>, o =

log (‘iﬁ) and pf = log (%).

Business investment if is negatively related to the price of tradable goods pj,
implying that demand for business investment is downward sloping. Business
investment is positively related to the price of business capital ¢f implying

that the supply of new business capital is upward sloping. — (i) is the own
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price elasticity of demand, and (i) and the own price elasticity of supply.

Note that in the steady state 7& = ¥, implying that supply and demand are
perfectly elastic in the steady state.

We have a similar interpretation for residential investment, except there are
decreasing returns in the production of new houses, which means landlords
face a downward sloping demand curve for residential investment even in the
steady state. The supply of new houses is also upward sloping in the steady
state.

If we assume that Y;* = (I[*) is the production function for new housing, and
we ignore the adjustment cost terms, we can rewrite the demand for residential
investment as

oy

Il =, B (78)
t

which shows that " is negatively related to P¢ (demand is downward sloping).

Rearranging for ®/ the price of new housing gives

P
Y

Py
1
Substituting in I}* = (Y*)" gives

(I)h _ Pf(}/}h)%fl
t I
Th

where 'Yih — 1 > 0, ensures that we have an upward sloping supply curve for
new houses.

3 Firms

In this section we solve the firms’ problems in the intermediate goods pro-
ducing sector, the tradables sector, the non-tradables sector, the construction
sector and manufactured exports producing sector.
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3.1 Intermediate goods producing sector

Intermediate goods producers maximise the sum of their discounted future
stream of profits

Eo > B'A{ P72y — P/ F; = WiL, — R, K]

t=0

_ _ _ _ 2
~L 0. P Fy [log(F; | 20) — log(Fi-, /Zi0)] |
subject to a production function,

Zy = (FE)= [A(Ly — Lo)| ™ (K= 772,

by choosing oil, labour and capital in each period.

P? denotes the price of intermediate goods, Z; is the intermediate good, Ff?
is the quantity of oil used in the production of intermediate goods, ¢, is an
adjustment cost on the demand for oil, 7,; is oil’s share of income, .5 is
labour’s share of income, K7 is the intermediate firm’s demand for capital, Ly
is overhead labour, A; is technology. Bars over variables indicate that the firm
is too small to take into account its own actions on these variables directly
when optimising.

We set up the Lagrangean:

PiZ, — PthtZ — Wil — R K
) - _ _ 2
16, P/ Fy [log(F?/ Z:) — log(F7y / Ze)]

CEeY B {2, — (F7y= [Ad(Ly— L) (K})' ==} (80)
t=0

Lo=Fo) AN
t=0

where @7 is the Lagrange multiplier associated with the demand constraint.
This can also be interpreted as the marginal cost.

We get the following first order conditions:
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oL o7 7,

— Rt (17— —0, 81
K] ¢+ ( Ve = Ve2) K (81)
0& (I)zZt
It Wt — 0, 82
oL, t T 2Lt Lo (82)
o, .,

= —P ==
ath i =1 th Oa (83)

(84)

which we can rearrange to get the demand functions for capital, labour and
oil, respectively:

P:Z
Ktl = (1 — Y21 — 722) R ta (85>
t
P:Z,
L . Ly, 86
t="V22 77 W, + Lo (86)
PZZt
Ff=n, 87
V17 Pt ( )

(88)
Perfect competition implies that price is set equal to marginal cost, P7 = ®;.
3.2 Tradables

Tradables goods producers maximise the sum of their discounted future stream
of profits

Ey i BN {plys — PLf7 — P, — Pimd exp(v” + ")
— 16, P/ F7 [log(f5/Y7) —log(F7, /Y7 )|
L& PV [Alogpy — Alog L, — ]}
subject to a production function
Y = A (i) (27 (mdy exp(v? + €))7,
and a CES demand function

yzt (pzt/PT> 65/;57—7
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where Y,” = (fol (y;)l_% dz’) 1 is aggregate tradables, Y5, is firm ¢’s production

1

of tradable goods, P}, = ( fol (pr,)t—e dz')E is the aggregate price of tradables,
pr, is the price of the ith variety of tradable good. f7,z], and m}, are firm 4’s
demands for oil, the intermediate good and non-oil imports in the production
of tradable goods, respectively. F is the aggregate demand for oil in the
tradable sector, ¢, is the weight on the adjustment costs for oil, &, is the weight
on the price adjustment costs (controls the degree of price stickiness), A] is a
sector specific tradable technology process, 17 is a scaling parameter, ;"¢ is a
non-oil import shock, 7,1 is oil’s share of production and v, is intermediate’s
share of production.

Setting up the Lagrangean:

Lo = Eo Z B'A {p;—tyz—t - P/ it — Pz — Bimi exp(¢? + €/)
t=0

2

— 36 PLF] [log(f7/Y7) = log(F,/Y,)]
- 2

L& P7YY [Alogpy — Alog P, — <]}

— By Y 8NP {uf — AT (7)) (27)77 (mé exp(y? + ') 72 L (89)
t=0

Substituting in the CES demand functions for yj,

Lo =By Y BN DL}/ 7)Y — P/ — P2, — Pimi exp(v + €}

t=0
2
— S &P F] [log(f7/Y7) = log(F,/Y,)]
- 2
_% &Y [A logp, — Alog P | — €7 } }

—Eo > B' ML { (0 / PV — AT(f7)7 (27)77 (ml exp (v + ') e L
t=0
(90)

We get the following first order conditions:
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0L,

P F] T INT T T
=P — 2L Nlog(f7,/Y]) — log(F7_, /Y]

0f; i
d
+m ( ”f”) —0, (91)
it
P,
S =R (M) o, 92
a 1t it
a£ m ®Z 7
et == PRexp(u + )+ (130 ) (24} —0, (93
(94)
oL T T\—€Y/T TV T T T pT 1
Sy = (L= 0L/ P Y7 & PIYT [Alogp], = Alog P — &7 (5r)
it
+ 06 P Y [Alogply.y — Alog 7| () + €@, (0) = (P))Y = 0.

(95)

Rearranging these, gives the following demand equations:

Vo1 Oyl = PLf+ ¢ PLF] [log(f7/Y/7) = log(F/4 /Y7 )],  (96)
V2 (I)'Ltyzt PZ ;57 (97>
(1 =1 — vr2) Dhys; = PP mi exp(¥? + &), (98)

The first order condition for prices can be rewritten as

=1 ®u/ B = 0/ P) =
L A, (Alogp], — Alog PTy — €)7) — EyB, (Alogply,y — Alog PT )], (99)

where

A= (pi/ P, (100)

BN PLaY L (Dh ‘
B. = = 101
SN By \R (101)

Substituting equations (96), (97) and (98) into the tradable production func-
tion and canceling terms gives
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P () ()7 () (=) T oy

where ¢ = 1+¢, [log (F7/Y[T) —log (F[ JY 1)} is the ﬁrst derivative of the
oil adjustment cost with respect to the demand for oil. 5t can be interpreted

as the real marginal cost in the tradable sector. Note that we can drop the
1 subscript on the real marginal cost term because their is a common factor
market.

We can rearrange equation (99), and take a first order Taylor series expansion
to get the Phillips curve for the tradable sector, just as we did for the wage
Phillips curve (equation (29)) in the household’s problem

mf—mi = () [ bl — B — (1= 1 — ) BT — 67 |48 (74 —
(103)

where /7 = pl+o, [T — FL — 07 + 90 ]—57, 577 = pi—p7, BT = b0}

and a” = log (F)

3.8 Non-tradables

Non-tradables firms maximise the sum of their discounted future stream of
profits

oo - 2
Bo > A {plul = Prel = SaPrYy [Alogply — Alog Py — )7},

(104)
subject to the production function
vip = A7 (7)™ (105)
and the CES demand for their variety of product
yzt (pzt/Pn) an (106)
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where p; is the price set by the ith firm, y; is the demand for the ith firm’s
variety, 2[} is the 7th firm’s demand for the intermediate good, P/ is the ag-
gregate price of non-tradable goods, Y;" is the aggregate non-tradable output,
A} is the sector specific technology for non-tradables, ~,, is the intermediate
good’s share of non-tradables, &, is a sector specific price adjustment cost
parameter that controls the stickiness of non-tradables goods prices.

Setting up the Lagrangean

Lo=Eo Y B'NApl 0/ P Y — P
t=0
1 ny n n n pn 2
_§§nPt Y, [A log pj; — Alog Py — & }

—Eo > BNy {0l /P Y = AT ()L, (107)
t=0

where @}, denotes the Lagrange multiplier for the production constraint. The
firm chooses the quantity of intermediate goods and the price for their variety
of good. We then obtain the following first order condition with respect to
intermediate goods.

n

Py = B 2t (108)

n,n

o Y P Yt

it T z ?
P;

(109)

and with respect to the ith firm’s price pJ,

/B = i/ P =
L[4, (Alogpl, — Alog Py — ") — By B, (Alogply,; — Alog P7')]
(110)

where

An = (Pit/F])"
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B, =

B P Y (25
Ao RYS \PP)

1

S ProY [\
it = (1/7, Zit :
B by ) (PﬁAZ Ap

In equilibrium A, = 1 and B,, = %%. Taking a first order Taylor
t t

series expansion of equation (110) around its steady state (i.e. Alogp} =
Alog P" = 7™) gives B, (A logpli,; — Alog Pf) ~ B(mi, — 7). We obtain
the following Phillips curve relationship

m =i = (gh) (&) @F/P) =) + BB (s — ) +ef. (1)

We can take a first order Taylor series expansion of the real marginal cost
term around its steady state:

(25) (@1/P) = 1= (=) Baenied —1
=exp(d} — i) — 1
~1+ ) —p) 1
%95? _ﬁ?’ (112)

where gE? = log (%) and p; = log (%).
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= ny = —1
From the definition of marginal cost, ®} = (1/7,) (%) (%) " B
t t

~

oy =p; —ay + (L —1) (57 —ap), (113)

Tn

where a; = log (%) and y;' = log (%)

Substituting this back into equation (111) gives

= mp = () [ —ap (5 = 1) @ — )] + BB () — ) + <l
(114)
where p2/™ = p? — pP = log (%) — log (%).

3.4 Construction

Firms producing residential investment goods, maximise the sum of their dis-
counted future stream of profits

s 2
Fo > A {pu — Pref — 6PV [Alognf, — Alog Pry — <]}
t=0
subject to a production function

v = Af (th>% )

9 Rearranging equation (108) for marginal cost gives

a1
Rearranging the production function for 2}, = (%) " and substituting this into
t

our marginal cost term gives

= () (0 )
T\ \Ap ) Ay

Common factor markets means that in a symmetric equilibrium we can drop the i
subscripts.
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and the CES demand function for their variety of residential investment good

Yir = (pft/Ptc)_E Y5,

where p§, is the price of the ith firm’s output, y§; is the demand for the ¢th
firm’s output, zf; is the ith construction firm’s demand for intermediate goods,
P¥ is the aggregate price for residential investment, Y,° is aggregate residential
investment, &, is a sector specific adjustment cost, e/ is a construction cost
push shock, Af is sector specific technology in the construction sector and .
is intermediate’s share of production in residential investment.

Denoting the lagrange multiplier associated with the production function as
¢, gives the first order condition with respect to the intermediate good,

Ve Phys = P 25, (115)

and the first order condition with respect to the price as,

/P — 05/ FY) =
a [Ac (A log p§, — Alog Pf | — sfc) —E; B. (A log p§,,; — Alog Pf)] ,

(116)
where
A= (/) PF)°
B = BA PEaY (15
TN PYE \Pf)7
(I)c Pz c Pz c L_l
i Z; Yir \ 7°
Fi = }c L= (1/7) <P0j4°> <At> , (117)
t Ved Y t ¢ t

where —gj can be interpreted as the real marginal cost faced by the ¢th firm in
t
the construction sector.

Taking a first order Taylor series approximation of the last term in equation
(116) and the real marginal cost term, and with some rearranging, we get the
following Phillips curve
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mp =y = () [ —as + (L - 1) (@5 — )| + B B(miyy — ) + &b
Where ﬁf/c = p7 — p§ = log (%) — log (%), gs = log (é) and af = log (%).
3.5 Manufactured exports

Firms producing manufactured exports producers maximise the sum of their
discounted future stream of profits

s 2
Eo Z@t%ﬁ {p;}t*xq;t — 5Pz, — %gthU*XZJ {A log pj; — Alog By — 5%"}} } ’
=0
subject to a production function

Ty = Al (7)™

and a CES demand function

Ty = (p;')t*/Pltv*Y€ Xy,

where p} is the price set by the ¢th manufacturing export firm, z}, is the
demand for the ith firm’s variety of export good, 2}, is the ith exporting firm’s
demand for the intermediate good, &, is a sector specific cost parameter, Ay
is sector specific technology in the manufactured export sector and =, is the
intermediate’s share of manufactured exports.

Letting @7, denote the lagrange multiplier associated with the production con-
straint, we get the first order condition associated with the intermediate good

v

Y@y = Pz, (118)

and the first order condition associated with prices,
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ﬁ(st(l);’t)/Pt”* (pir | P) =
= {Av (A log p;; — Alog P, — gfv) —E, B, (A logpi 1 — Alog Pt”*ﬂ ,

€

(119)
where
A, = (i) | P)°,

B = BA1 Sy IDt—&—lXtU—i-l (p;}t*>€

° Ay Se PXY \ B
(I)'U Pz v Pz v L_l
it t Zit t Tig \
—_— = — = ]_ ’Y'U o AU 7 5 120
- Ty >(PtAt) (A) (120)

where (I};t can be interpreted as the real marginal cost (in domestic currency)
of producmg manufactured exports by firm ¢. Taking a Taylor series approx-
imation of the second term on the right hand side of equation (119) and the
real marginal cost term, and rearranging gives the following Phillips curve:

m = () P -+ (5 - 1) @ - an)] + B - ) o

Where p*/* = pi —pv* = log (—) —log (PU), = log ( ) and z} = log (%)

4 Foreign economy

The foreign economy produces output according to the Cobb Douglas produc-
tion technology:

v = (X7)" (X"

Where Y;* is foreign GDP, X{ is the demand for domestically produced com-
modity exports, X/ is the demand for domestically produced manufactured
exports and w is commodity’s share of income.
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The foreign economy is perfectly competitive, and maximises profits:

= * Wk * Wk Vk U w*id ~-d T 2
Eo Y B {Pt Yy = PUX - PUX _%ndpt Xy [logXtd—logthl _5td}

t=0

v v v v 2
~ 1 PR [log X —log X}y — 7] }
subject to the production function

vy = (X0 (xp),

by choosing the quantities of commodity and manufactured imports. This
gives us the following first order conditions:

Pw*Y* .
thd*Xtd =14+ [log Xt —log X | — 6td} , (122)
t t
P’LU*Y*
(1-w) Sogly = L [log X —log X7, — 7", (123)
t t

where A} is the marginal utility of consumption in the foreign country, P;**
is the world price level denominated in foreign currency, P’* is the aggregate
price level for manufactured exports denoted in foreign currency, 7y and 7,
are the weights on the adjustment costs for commodity and manufactured
exporters respectively, and e7? and ¥ are demand shocks to commodity and
manufactured exporters respectively.

We believe that commodity exports are not price sensitive, that is there is
a time to build element to them, whatever is produced is sold on the world
market. For this reason we drop the prices from the commodity export demand
equation so that equation (122) becomes

*

t
W
d
Xi

=1+mng [log X! —log X | — &) . (124)
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