
KITT Book Equations Derivation

by Andrew Binning

1 Introduction

This note contains derivations of the key equations in the KITT book. We
also include some additional derivations that are not in the book but may
help with understanding and interpreting the model. Section 2 looks at the
household’s problem, section 3 looks at the firms’ problems, and section 4
looks at the foreign firm’s problem.

2 Households

This section begins by looking at the household’s aggregation problem for
labour, the household faces similar problems when aggregating other differ-
entiated goods. Subsection 2 describes the household’s problem. Subsection 3
goes through the working for the household’s wage setting problem, subsection
4 derives the consumption demand equations, subsection 5 derives the Euler
equations and subsection 6 looks at the investment decision.

2.1 Labour aggregation

To introduce sticky wages into the model, labour needs to be differentiated.
This allows workers to set their wage as a mark up over the marginal rate of
substitution between consumption and labour (the wage that would exist in a
perfectly competitive labour market). There is a continuum of labour varieties
indexed from 0 to 1. Household’s supply all varieties of the differentiated
labour input which is aggregated according to Dixit-Stiglitz constant elasticity
of substitution (CES) aggregation. Aggregate labour is given by

Lt =
(∫ 1

0
`
1− 1

ε
it di

) ε
ε−1

, (1)



where Lt denotes aggregate labour, `it is the ith variety of labour for i ∈
[0, 1] and ε > 1 is the elasticity of substitution between differentiated labour.
This elasticity has to be larger than 1 to ensure that the labour varieties
are sufficiently substitutable, and the demand curve sufficiently flat to ensure
workers’ marginal labour revenue is positive.

The household chooses the quantity of each variety of labour to minimise costs
subject to the demand for aggregate labour:

min
{`it}10

∫ 1

0
wit`it di

subject to

Lt =
(∫ 1

0
`
1− 1

ε
it di

) ε
ε−1

,

where WtLt =
∫ 1
0 wit`it di is the aggregate wage bill, and wit is the wage paid

to the ith variety of labour.

We set up the Lagrangean for the household

Lt =
∫ 1

0
wit`it di+ ΛL

t

[
Lt −

(∫ 1

0
`
1− 1

ε
it di

) ε
ε−1

]
, (2)

where ΛL
t is the Lagrange multiplier, which is the shadow price or the cost of

violating the labour supply constraint by an extra unit.

We get the following first order condition for the ith variety of labour

∂Lt

∂`it
= wit − ΛL

t

(
ε

ε− 1

)(∫ 1

0
`
1− 1

ε
it di

) 1
ε−1

(
1− 1

ε

)
`
− 1

ε
it = 0, (3)

which we can rearrange to get

wit = ΛL
t L

1
ε
t `

− 1
ε

it , (4)

where L
1
ε
t =

(∫ 1
0 `

1− 1
ε

it di
) 1

ε−1

.

Rearranging for `it gives the CES demand for the ith variety of labour
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`it =
(

wit

Wt

)−ε
Lt, (5)

where Wt = ΛL
t , follows from ΛL

t being the shadow price, the cost of violating
the constraint by increasing aggregate labour by an extra unit. We can in-
terpret ΛL

t as the marginal cost of increasing labour. Because the aggregation
process is perfectly competitive, price equals marginal cost. In this case, price
is the aggregate wage rate, Wt.

To find the explicit functional form for the aggregate wage Wt, we can substi-
tute the demand functions for each variety of labour `it, into the CES labour
aggregator function, and then solve for the aggregate wage

Lt =

(∫ 1

0

((
wit

Wt

)−ε
Lt

)1− 1
ε

di

) ε
ε−1

. (6)

We can bring Lt, aggregate labour, to the front of the integral because it is a
constant and independent of the variety of labour

Lt = Lt

(∫ 1

0

((
wit

Wt

)−ε
)1− 1

ε

di

) ε
ε−1

. (7)

Dividing both sides by Lt gives

1 =

(∫ 1

0

((
wit

Wt

)−ε
)1− 1

ε

di

) ε
ε−1

. (8)

Raising both sides to the power 1− 1
ε

gives

1 =
∫ 1

0

(
wit

Wt

)1−ε
di. (9)

Multiplying through by W 1−ε
t (because it is independent of labour variety)

gives

W 1−ε
t =

∫ 1

0
w1−ε

it di. (10)

Raising both sides by the power 1
1−ε

gives
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Wt =
[∫ 1

0
w1−ε

it di
] 1

1−ε

, (11)

which is the aggregate wage rate.

2.2 The household’s problem

Households derive utility from the consumption of tradable goods, non-tradable
goods, petrol and housing services, and disutility from working. Households
are infinitely lived, and want to maximise the present value of the sum of their
future stream of utilities subject to certain resource constraints.

The household’s utility function is given by:

E0

∞∑
t=0

βt
[
U
(
Cτ

t , C
f
t , C

n
t , C

h
t

)
− V

(∫ 1
0 `it di

)]

where

U(· · · ) ≡ ωτ (1− χ) log(Cτ
t − χC̄τ

t−1) + ωf (1− χ) log(Cf
t − χC̄f

t−1)

+ (1− ωτ − ωf − ωh)(1− χ) log(Cn
t − exp (εcn

t )χC̄n
t−1) + ωh logCh

t ,

and

V (· · · ) ≡ 1
1+η

[∫ 1
0 `it di

]1+η
.

E0 is the expectations operator conditional on time 0 information, β is the time
preference parameter, Cτ

t is consumption of tradables, Cn
t is consumption of

non-tradables, εcn
t is a shock to non-tradables consumption, Cf

t is consumption
of petrol, Ch

t is consumption of housing services, χ is the weight on deep habit,
ωτ is tradable’s share of consumption, ωf is petrol’s share of consumption, ωh

is housing service’s share of consumption and η is the inverse of the Frisch
elasticity of labour supply. A bar over a variable indicates the variable is an
aggregate variable and that the household is too small to influence this directly,
so does not take into account its own impact on these variables when making
decisions.

Households maximise utility subject to four constraints:

• A resource constraint:
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P τ
t (Cτ

t + Ik
t ) + P f

t C
f
t + P n

t C
n
t + P c

t I
h
t −Bt exp(εc

t) = −Bt−1(1 + rh
t−1)

+
∫ 1
0 wit`it di+RtKt−1 + Πt

− 1
2
φcP

f
t C̄

f
t

(
logCf

t − logCf
t−1

)2

− 1
2
ιhP

c
t Ī

h
t

(
log Ih

t − log Īh
t−1 − εih

t

)2

− 1
2
ιkP

τ
t Ī

k
t

(
log Ik

t − log Īk
t−1 − εik

t

)2

−
∫ 1
0

[
1
2
ξwW̄tL̄t

(
∆ logwit −∆ log W̄t−1 − εw

t

)2
]
di.

• The law of motion for business capital:

Kt = (1− δk)Kt−1 + Ik
t .

• The law of motion for housing capital:

Ht = (1− δh)Ht−1 +
(
Ih
t

)γh
.

• And the demand for differentiated labour services:

`it = (wit/Wt)
−ε Lt.

P τ
t denotes the price of tradables, P f

t is the price of petrol, P n
t is the price of

non-tradables, P c
t is the cost of construction, Ik

t is business investment, Ih
t is

residential investment, Bt is foreign debt denominated in the local currency, εc
t

is a consumption preference shock, 1 rh
t is the effective interest rate, Rt is the

rental on business capital, Kt is the stock of business capital, Πt are profits, φc

is the weight on adjustment costs in the consumption of petrol, ιh is the weight
on the installation costs for residential investment, ιk is the weight on the
installation costs for business investment, ξw is the weight on wage adjustment
costs, εw

t is a wage cost push shock, Ht is the stock of housing capital, and γh

is residential investment’s share in the production of new housing. 2

2.3 Wage setting

Households maximise utility by setting wages subject to the budget constraint
which includes a convex wage adjustment cost. In the presence of a shock,

1 Note that Smets and Wouters (2007) refer to this as a risk premia shock.
2 This assumes there is a fixed factor, namely land, in the production of new houses.
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these adjustment costs prevent the household from adjusting wages to the
flexible price income maximising level, that is wages exhibit some stickiness.
Households are able to set their wage rate because labour is differentiated. 3

When households set wages they also take into account how their wage setting
decision for each variety of labour impacts the demand for that variety of
labour. This means substituting (wit/Wt)

−ε Lt for every `it in the household’s
problem.

The disutility of labour in the utility function is given by

V (· · · ) ≡ 1
1+η

[∫ 1
0 `it di

]1+η
.

Substituting in the CES labour demand function for `it (equation (5)) gives:

V (· · · ) ≡ 1
1+η

[∫ 1
0

(
(wit/Wt)

−ε Lt

)
di
]1+η

,

V (· · · ) ≡ 1
1+η

[
W ε

t Lt

(∫ 1
0 w

−ε
it di

)]1+η
.

Substituting the CES labour demand function for `it in the labour income
term in the budget constraint gives

W ε
t Lt

(∫ 1

0
w1−ε

it di
)

=
∫ 1

0
wit`it di.

Substituting these terms into the household’s problem and setting up the
Lagrangean:

3 This allows households to set different wages for each variety of labour and not
lose their entire market share if wages are set above the aggregate wage, and not
gain the entire market share if wages are lower than the aggregate wage.
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L0 = E0

∞∑
t=0

βt
{
U
(
Cτ

t , C
f
t , C

n
t , C

h
t

)
− 1

1+η

[
W ε

t Lt

(∫ 1
0 w

−ε
it di

)]1+η
}

−E0

∞∑
t=0

βtΛt



P τ
t (Cτ

t + Ik
t ) + P f

t C
f
t + P n

t C
n
t + P c

t I
h
t

−Bt exp(εc
t) +Bt−1(1 + rh

t−1)

−W ε
t Lt

(∫ 1
0 w

1−ε
it di

)
−RtKt−1 − Πt

+1
2
φcP

f
t C̄

f
t

(
logCf

t − log C̄f
t−1

)2

+1
2
ιhP

c
t Ī

h
t

(
log Ih

t − log Īh
t−1 − εih

t

)2

+1
2
ιkP

τ
t Ī

k
t

(
log Ik

t − log Īk
t−1 − εik

t

)2

+
∫ 1
0

[
1
2
ξwW̄tL̄t

(
∆ logwit −∆ log W̄t−1 − εw

t

)2
]
di

+Φk
t

[
Kt − (1− δk)Kt−1 − Ik

t

]
+Φh

t exp
(
−εΦh

t

) [
Ht − (1− δh)Ht−1 −

(
Ih
t

)γh
]



,

(12)

where Λt is the Lagrange multiplier for the budget constraint, and is the
shadow value of wealth, the cost of violating the budget constraint by an
extra unit. Φk

t and Φh
t are the Lagrange multipliers associated with the law

of motion for business and residential capital respectively. These Lagrange
multipliers can be interpreted as the cost of violating the capital constraints,
or the marginal cost of capital. εΦh

t is a shock to house prices.

The first order condition for wages of the ith variety of labour is given by

∂Lt

∂wit

=
[
W ε

t Lt

(∫ 1

0
w−ε

it di
)]η

· εw−ε−1
it W ε

t Lt + Λt (1− ε)w−ε
it W

ε
t Lt

− Λtξw
W̄tL̄t

wit

[
∆ logwit −∆ log W̄t−1 − εw

t

]
+ Et βΛt+1

ξwW̄t+1L̄t+1

wit

[
∆ logwit+1 −∆ log W̄t

]
= 0. (13)

The steps that follow involve rearranging this first order condition to get back
the Phillips curve for wage inflation.

We now allow W̄t = Wt and L̄t = Lt, which gives

ε
[∫ 1

0
`it di

]η
`it

wit
+ Λt (1− ε) `it = Λtξw

WtLt

wit
[∆ logwit −∆ logWt−1 − εw

t ]

− Et βΛt+1
ξwWt+1Lt+1

wit
[∆ logwit+1 −∆ logWt] . (14)
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Multiplying through by wit gives

ε
[∫ 1

0
`it di

]η
`it + Λt (1− ε) `itwit = ΛtξwWtLt [∆ logwit −∆ logWt−1 − εw

t ]

− Et βΛt+1ξwWt+1Lt+1 [∆ logwit+1 −∆ logWt] . (15)

Dividing through by `it gives

ε
[∫ 1

0
`it di

]η
+ Λt (1− ε)wit = Λtξw

WtLt

`it
[∆ logwit −∆ logWt−1 − εw

t ]

− Et βΛt+1ξw
Wt+1Lt+1

`it
[∆ logwit+1 −∆ logWt] . (16)

We make use of the fact that WtLt

`it
= WtLt

(wit/Wt)
−εLt

= W 1−ε
t wε

it where we have

substituted (wit/Wt)
−ε Lt for `it, to get

ε
[∫ 1

0
`it di

]η
+ Λt (1− ε)wit = ΛtξwW

1−ε
t wε

it [∆ logwit −∆ logWt−1 − εw
t ]

− Et βΛt+1ξw
Wt+1Lt+1

WtLt
W 1−ε

t wε
it [∆ logwit+1 −∆ logWt] . (17)

Dividing through by Λt

ε
[∫ 1

0 `it di
]η

Λt

+ (1− ε)wit = ξwW
1−ε
t wε

it [∆ logwit −∆ logWt−1 − εw
t ]

− Et βξw
Λt+1

Λt

Wt+1Lt+1

WtLt
W 1−ε

t wε
it [∆ logwit+1 −∆ logWt] . (18)

Dividing through by Wt

ε
[∫ 1

0 `it di
]η

WtΛt

+ (1− ε)
wit

Wt

= ξw
(

wit

Wt

)ε
[∆ logwit −∆ logWt−1 − εw

t ]

− Et βξw
Λt+1

Λt

Wt+1Lt+1

WtLt

(
wit

Wt

)ε
[∆ logwit+1 −∆ logWt] . (19)

Replacing (1− ε) with −(ε− 1) gives
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ε
[∫ 1

0 `it di
]η

WtΛt

− (ε− 1)
wit

Wt

= ξw
(

wit

Wt

)ε
[∆ logwit −∆ logWt−1 − εw

t ]

− Et βξw
Λt+1

Λt

Wt+1Lt+1

WtLt

(
wit

Wt

)ε
[∆ logwit+1 −∆ logWt] . (20)

Dividing through by ε− 1 gives

ε
ε−1

[∫ 1

0
`it di

]η

WtΛt
− wit

Wt
= ξw

ε−1

(
wit

Wt

)ε
[∆ logwit −∆ logWt−1 − εw

t ]

− Et β
ξw

ε−1
Λt+1

Λt

Wt+1Lt+1

WtLt

(
wit

Wt

)ε
[∆ logwit+1 −∆ logWt] . (21)

In equilibrium Lt =
∫ 1
0 `it di because `jt = `it ∀ i, j ∈ [0, 1] so that

∫ 1
0 `it di =(∫ 1

0 `
1− 1

ε
it di

) ε
ε−1

.

We substitute Φw
t ≡ Lη

t

Λt
where the left hand side is the standard first order

condition for labour when labour is homogenous, that is the marginal rate of
substitution between aggregate labour and consumption in the utility function.
This gives

ε
ε−1

Φw
t /Wt − (wit/Wt) =

ξw

ε−1
[(wit/Wt)

ε (∆ logwit −∆ logWt−1 − εw
t )−

Et
βΛt+1

Λt

Wt+1Lt+1

WtLt

(
wit

Wt

)ε
(∆ logwit+1 −∆ logWt)

]
. (22)

In a symmetric equilibrium wit = wjt ∀ i, j ∈ [0, 1] so that Wt = wit ∀ i ∈ [0, 1]
and

ε
ε−1

Φw
t /Wt − 1 = ξw

ε−1
[(∆ logwit −∆ logWt−1 − εw

t )−
Et

βΛt+1

Λt

Wt+1Lt+1

WtLt
(∆ logwit+1 −∆ logWt)

]
. (23)

We define

Dt ≡ βΛt+1

Λt

Wt+1Lt+1

WtLt
(∆ logwit+1 −∆ logWt) , (24)
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which is the second term on the right hand side in equation (23). This term
is highly non-linear, so we linearise it by taking a first order Taylor series
approximation around the steady state.

The general form of a first order Taylor series approximation for a multivariate
function around its steady state is

f(xt, yt, . . .) ≈ f(xss, yss, . . .) + fxt(xss, yss, . . .)(xt−xss) + fy(xss, yss, . . .)(yt−yss) + . . .

Applying this to Dt gives:

Dt(Λt+1,Λt,Wt+1,Wt, Lt+1, Lt,∆ logwit+1,∆ logWt) ≈
D(Λ,W, L,∆ logwi,∆ logW )

+DΛt+1(Λ,W, L,∆ logwi,∆ logW )(Λt+1 − Λ)

+DΛt(Λ,W, L,∆ logwi,∆ logW )(Λt − Λ)

+DWt+1(Λ,W, L,∆ logwi,∆ logW )(Wt+1 −W )

+DWt(Λ,W, L,∆ logwi,∆ logW )(Wt −W )

+DLt+1(Λ,W, L,∆ logwi,∆ logW )(Lt+1 − L)

+DLt(Λ,W, L,∆ logwi,∆ logW )(Lt − L)

+D∆ log wit+1
(Λ,W, L,∆ logwi,∆ logW )(∆ logwit+1 −∆ logwi)

+DWt(Λ,W, L,∆ logwi,∆ logW )(∆ logWt −∆ logW ).

Evaluating each of these derivatives
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∂Dt

∂Λt+1
= β

Λt

Wt+1Lt+1

WtLt
(∆ logwit+1 −∆ logWt) ,

∂Dt

∂Λt
=−βΛt+1

Λ2
t

Wt+1Lt+1

WtLt
(∆ logwit+1 −∆ logWt) ,

∂Dt

∂Wt+1
= βΛt+1

Λt

Lt+1

WtLt
(∆ logwit+1 −∆ logWt) ,

∂Dt

∂Wt
=−βΛt+1

Λt

Wt+1Lt+1

W 2
t Lt

(∆ logwit+1 −∆ logWt) ,

∂Dt

∂Lt+1
= βΛt+1

Λt

Wt+1

WtLt
(∆ logwit+1 −∆ logWt) ,

∂Dt

∂Lt
=−βΛt+1

Λt

Wt+1Lt+1

WtL2
t

(∆ logwit+1 −∆ logWt) ,

∂Dt

∂∆ log wit+1
= βΛt+1

Λt

Wt+1Lt+1

WtLt
,

∂Dt

∂∆ log Wt
=−βΛt+1

Λt

Wt+1Lt+1

WtLt
.

Plugging these into the first order Taylor series approximation for Dt gives

Dt≈
(

βΛ
Λ

WL
WL

)
(∆ logwi −∆ logW )

+
(

β
Λ

WL
WL

)
(∆ logwi −∆ logW ) (Λt+1 − Λ)

−
(

βΛ
Λ2

WL
WL

)
(∆ logwi −∆ logW ) (Λt − Λ)

+
(

βΛ
Λ

L
WL

)
(∆ logwi −∆ logW ) (Wt+1 −W )

−
(

βΛ
Λ

WL
W 2L

)
(∆ logwi −∆ logW ) (Wt −W )

+
(

βΛ
Λ

W
WL

)
(∆ logwi −∆ logW ) (Lt+1 − L)

−
(

βΛ
Λ

WL
WL2

)
(∆ logwi −∆ logW ) (Lt − L)

+
(

βΛ
Λ

WL
WL

)
(∆ logwit+1 −∆ logwi)

−
(

βΛ
Λ

WL
WL

)
(∆ logWt −∆ logW ) .

Because ∆ logwi = ∆ logW in the steady state, all the terms in Dt disappear
except for the last two, so that Dt becomes

Dt≈ β (∆ logwit+1 −∆ logwi)− β (∆ logWt −∆ logW )

≈ β (∆ logwit+1 −∆ logWt) ,

or alternatively we can use the first order Taylor series approximation of an
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exponential function: exp(x̂t) ≈ 1 + x̂t to get

Dt≡ βΛt+1

Λt

Wt+1Lt+1

WtLt
(∆ logwit+1 −∆ logWt)

≈ β(1 + λ̂t+1 + ŵt+1 + l̂t+1 − λ̂t − ŵt − l̂t)(π
w
t+1 − πw

t )

≈ β(πw
t+1 − πw

t ),

because (λ̂t+1 + ŵt+1 + l̂t+1− λ̂t− ŵt− l̂t)(πw
t+1−πw

t ) is very small close to the
steady state.

Substituting in the first order approximation of Dt into equation (23) gives
the Phillips curve for wages:

πw
t − πw

t−1 = ε−1
ξw

[(
ε

ε−1

)
Φw

t /Wt − 1
]
+ β Et

(
πw

t+1 − πw
t

)
+ εw

t . (25)

We can go one step further and take a first order Taylor series approximation
of the real marginal rate of substitution:

(
ε

ε−1

)
Φw

t /Wt − 1 =
(

ε
ε−1

)
Φw exp(φ̂w

t )

W exp(ŵt)
− 1]

=
(

ε
ε−1

)
Φw

W
exp(φ̂w

t − ŵt)− 1

= exp(φ̂w
t − ŵt)− 1

≈ 1 + φ̂w
t − ŵt − 1

≈ φ̂w
t − ŵt, (26)

(27)

where ŵt ≡ logWt − logW and φ̂w
t ≡ log Φw

t − log Φw. We make use of the

fact that:
(

ε
ε−1

)
Φw

W
= 1, in the steady state, and the first order Taylor series

approximation for an exponential: exp(xt) ≈ 1 + xt for xt small.

It follows from the definition of the marginal rate of substitution, Φw
t ≡ Lη

t

Λt
,

that

φ̂w
t = ηl̂t − λ̂t, (28)

where l̂t ≡ logLt − logL and λ̂t ≡ log Λt − log Λ.

This allows us to write the wage Phillips curve as

12



πw
t − πw

t−1 =
(

ε−1
ξw

) [
ηl̂t − λ̂t − ŵt

]
+ β Et

(
πw

t+1 − πw
t

)
+ εw

t . (29)

The log deviation of the shadow value for wealth λ̂t, will be negatively related
to nominal consumption and includes the income effect.

2.4 Consumption

In addition to choosing labour `it, and wages wit, household’s choose consump-
tion of tradables Cτ

t , non-tradables Cn
t , and petrol Cf

t , business investment Ik
t ,

residential investment Ih
t , business capital Kt, housing capital Ht, and debt

Bt to maximise the expected sum of discounted future utility.

Setting up the Lagrangean:

L0 = E0

∞∑
t=0

βt



ωτ (1− χ) log(Cτ
t − χC̄τ

t−1)

+ωf (1− χ) log(Cf
t − χC̄f

t−1)

+(1− ωτ − ωf − ωh)(1− χ) log(Cn
t − exp(εcn

t )χC̄n
t−1)

+ωh logHt−1 + ωhε
ch
t

−V
(∫ 1

0 `it di
)



−E0

∞∑
t=0

βtΛt



P τ
t (Cτ

t + Ik
t ) + P f

t C
f
t + P n

t C
n
t + P c

t I
h
t −Bt exp(εc

t)

+Bt−1(1 + rh
t−1)−

∫ 1
0 wit`it di−RtKt−1 − Πt

+1
2
φcP

f
t C̄

f
t

(
logCf

t − logCf
t−1

)2

+1
2
ιhP

c
t Ī

h
t

(
log Ih

t − log Īh
t−1 − εih

t

)2

+1
2
ιkP

τ
t Ī

k
t

(
log Ik

t − log Īk
t−1 − εik

t

)2

+
∫ 1
0

[
1
2
ξwW̄tL̄t

(
∆ logwit −∆ log W̄t−1 − εw

t

)2
]
di

+Φk
t

[
Kt − (1− δk)Kt−1 − Ik

t

]
+Φh

t exp(−εΦh
t )

[
Ht − (1− δh)Ht−1 −

(
Ih
t

)γh
]



,

(30)

where we have substituted Ch
t = Ht−1 exp(εch

t ).

The first order conditions for tradable, non-tradable and petrol consumption
are given by:
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∂Lt

∂Cτ
t

=
ωτ (1− χ)

Cτ
t − χC̄τ

t−1

− ΛtP
τ
t = 0, (31)

∂Lt

∂Cn
t

=
(1− ωτ − ωf − ωh)(1− χ)

Cn
t − exp(εcnt )χC̄n

t−1

− ΛtP
n
t = 0, (32)

∂Lt

∂Cf
t

=
ωf (1− χ)

Cf
t − χC̄f

t−1

− ΛtP
f
t − ΛtφcP

f
t C̄

f
t

[
logCf

t − logCf
t−1

] (
1

Cf
t

)
(33)

+βΛt+1φc
P f

t+1C
f
t+1

Cf
t

[
logCf

t+1 − logCf
t

]
= 0, (34)

(35)

which can be rewritten as: 4

Cn
t =

(1− ωτ − ωf − ωh)(1− χ)

P n
t Λt

+ exp(εcn
t )χCn

t−1,

Cτ
t =

ωτ (1− χ)

P τ
t Λt

+ χCτ
t−1,

Cf
t =

ωf (1− χ)

P f
t ΛtϕC

t

+ χCf
t−1,

where ϕC
t = 1 + φc

[
logCf

t − logCf
t−1

]
− βφc Et

[
logCf

t+1 − logCf
t

]
. This ad-

justment cost term comes from a first order Taylor series approximation of
the last term in equation (34). This is derived below. We define 5

Dt(Λt+1, P
f
t+1, C

f
t+1, C

f
t , logCf

t , logCf
t+1) ≡ βΛt+1φc

P f
t+1C

f
t+1

Cf
t

[
logCf

t+1 − logCf
t

]
.

Taking a first order Taylor series approximation gives:

4 Dropping the bars because we are in a symmetric equilibrium.
5 I have ignored the expectations operator to simplify the notation.
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Dt≈D(Λ, P f , Cf , Cf , logCf , logCf )

+DΛt+1(Λ, P
f , Cf , Cf , logCf , logCf )(Λt+1 − Λ)

+DP f
t+1

(Λ, P f , Cf , Cf , logCf , logCf )(P f
t+1 − P f )

+DCf
t+1

(Λ, P f , Cf , Cf , logCf , logCf )(Cf
t+1 − Cf )

+DCf
t
(Λ, P f , Cf , Cf , logCf , logCf )(Cf

t − Cf )

+Dlog Cf
t
(Λ, P f , Cf , Cf , logCf , logCf )(logCf

t − logCf )

+Dlog Cf
t+1

(Λ, P f , Cf , Cf , logCf , logCf )(logCf
t+1 − logCf ).

Evaluating the Taylor series approximation around the steady state gives

Dt≈Dlog Cf
t
(Λ, P f , Cf , Cf , logCf , logCf )(logCf

t − logCf ),

+Dlog Cf
t+1

(Λ, P f , Cf , Cf , logCf , logCf )(logCf
t+1 − logCf ).

This is because logCf
t+1 = logCf

t in the steady state, eliminating all other
terms.

Evaluating the derivatives gives:

∂Dt

∂ logCf
t

= −βΛt+1φc
P f

t+1C
f
t+1

Cf
t

∂Dt

∂ logCf
t+1

= βΛt+1φc
P f

t+1C
f
t+1

Cf
t

Plugging these back into the Taylor series approximation gives

Dt≈ βΛφcP
f (logCt+1 − logC)− βΛφcP

f (logCt − logC)

≈ βΛφcP
f (logCt+1 − logC).

Or alternatively we can make use of the first order Taylor series approximation
of the exponential function to get:
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βφcΛt+1
P f

t+1C
f
t+1

Cf
t

[
logCf

t+1 − logCf
t

]
= βφcΛP

f exp(λ̂t+1 + p̂f
t+1 + ĉft+1 − ĉft )

[
ĉft+1 − ĉft

]
≈ βφcΛP

f
[
1 + λ̂t+1 + p̂f

t+1 + ĉft+1 − ĉft
] [
ĉft+1 − ĉft

]
≈ βφcΛP

f
[
ĉft+1 − ĉft

]
≈ βφcΛP

f
[
logCf

t+1 − logCf
t

]
.

Where the third line follows from the fact that
[
λ̂t+1 + p̂f

t+1 + ĉft+1 − ĉft
] [
ĉft+1 − ĉft

]
is negligible.

This approximation does not depend on the time subscripts for P f and Λ, so
that the first order Taylor series approximation of

βΛt+1φc
P f

t+1C
f
t+1

Cf
t

[
logCf

t+1 − logCf
t

]
≈ βΛtφcP

f
t

[
logCf

t+1 − logCf
t

]
.

This allows us to write the first order condition for the consumption of petrol
as:

ΛtP
f
t − ΛtφcP

f
t C̄

f
t

[
logCf

t − logCf
t−1

] (
1

Cf
t

)
− βΛt+1φc

P f
t+1C

f
t+1

Cf
t

[
logCf

t+1 − logCf
t

]
=

− ΛtP
f
t

(
1 + φc

[
logCf

t − logCf
t−1

]
+βφc

[
logCf

t+1 − logCf
t

])
.

Which we can solve for the demand for petrol.

2.5 Capital and debt: the Euler equations

Household’s choose the level of housing capital, business capital and the level of
debt to hold. We get the following first order conditions from the Lagrangean:
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∂Lt

∂Ht

=
βωh

Ht

− ΛtΦ
h
t exp(−εΦh

t ) + β Et Λt+1Φ
h
t+1(1− δh) = 0, (36)

∂Lt

∂Kt

= ΛtΦ
k
t − β Et Λt+1(Rt+1 + (1− δk)Φ

k
t+1) = 0, (37)

∂Lt

∂Bt

=−Λt exp(εc
t) + Et

(
βΛt+1(1 + rh

t )
)

= 0. (38)

(39)

Rearranging these gives us the Euler equations for housing and business cap-
ital, and debt, respectively:

ΛtΦ
h
t =

[
βωh

Ht

+ β Et Λt+1Φ
h
t+1(1− δh)

]
exp(εΦh

t ), (40)

ΛtΦ
k
t = β Et Λt+1(Rt+1 + (1− δk)Φ

k
t+1), (41)

Λt = β Et Λt+1(1 + rh
t ) exp(−εc

t). (42)

(43)

2.5.1 Business capital

We can combine the Euler equation for business capital with the Euler equa-
tion for debt and rewrite the result in a more familiar form. This can either
take the form of the Fisher equation, or we can express the price of capi-
tal goods as an asset price, equal to the sum of future discounted stream of
earnings.

Fisher equation form:

Substituting in our debt Euler equation for Λt on the left side gives

β Et Λt+1(1 + rh
t ) exp(−εc

t)Φ
k
t = β Et Λt+1(Rt+1 + (1− δk)Φ

k
t+1). (44)

Canceling terms

(1 + rh
t ) exp(−εc

t) = Et

[
Rt+1

Φk
t

+ (1− δk)
Φk

t+1

Φk
t

]
. (45)

Taking a first order Taylor series approximation of the shock term on the left
side (exp(−εc

t) ≈ 1 − εc
t), and rewriting the gross inflation rate of business

investment prices in net terms, gives
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(1 + rh
t )(1− εc

t) ≈ Et

[
Rt+1

Φk
t

+ (1− δk)(1 +
Φ̇k

t+1

Φk
t

)
]
, (46)

where Φk
t+1 = Φ̇k

t+1 + Φk
t .

Expanding these terms gives

1 + rh
t − εc

t − rh
t ε

c
t ≈ Et

[
Rt+1

Φk
t

+ 1− δk +
Φ̇k

t+1

Φk
t
− δk

Φ̇k
t+1

Φk
t

]
. (47)

We can rewrite this as

1 + rh
t − εc

t ≈ Et

[
Rt+1

Φk
t

+ 1− δk +
Φ̇k

t+1

Φk
t

]
, (48)

because rh
t ε

c
t and δk

Φ̇k
t+1

Φk
t

are small.

We can then rearrange this into its Fisher equation form:

Et

(
Rt+1

Φk
t
− δk

)
≈ rh

t − Et

(
Φ̇k

t+1

Φk
t

)
− εc

t , (49)

Et

(
(1− γz1 − γz2)

(
P z

t+1Zt+1

Φk
t Kt

)
− δk

)
≈ rh

t − Et

(
Φ̇k

t+1

Φk
t

)
− εc

t , (50)

where the term on the left side is the real return on business capital, and the
term on the right side is the nominal effective interest rate less the inflation
rate on the price of business investment (i.e. the real interest rate for this
sector). 6

Asset price form:

We can also rewrite the price of business investment in its asset price form,
that is equal to its expected future discounted stream of earnings or marginal
products. From equation (44), we have

β Et Λt+1(1 + rh
t ) exp(−εc

t)Φ
k
t = β Et Λt+1(Rt+1 + (1− δk)Φ

k
t+1). (51)

Dividing both sides by β Et Λt+1(1 + rh
t ) exp(−εc

t), gives

6 Note that we use the equilibrium condition K ′
t = Kt−1.
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Φk
t =

Et(Rt+1 + (1− δk)Φ
k
t+1) exp(εc

t)

1 + rh
t

. (52)

We can then substitute in all future values of Φk
t to obtain: 7

Φk
0 = E0

∞∑
t=0

[
Rt+1(1− δk)

t

Πt
j=0(1 + rh

j )

]
exp(εc

0), (53)

Φk
0 = E0

∞∑
t=0

(1− γz1 − γz2)
(

P z
t+1Zt+1

Kt

)
(1− δk)

t

Πt
j=0(1 + rh

j )

 exp(εc
0). (54)

The price of a new business investment good today is equal to the expected
discounted sum of earnings (marginal products) from the quantity of invest-
ment goods purchased today, where the marginal product at date t + 1 of a
unit of capital bought at date 0 is equal to Rt+1(1 − δk)

t. We can see this if
we substitute date 0 investment into the production function for intermediate
goods and differentiate with respect to date 0 investment at some future date
t+ 1.

The production function for intermediate goods at date t+ 1 is given by 8

Zt+1 = (F z
t+1)

γz1 [At+1(Lt+1 − L0)]
γz2 (Kt)

1−γz1−γz2 ,

where Zt+1 is the intermediate good, F z
t+1 is oil, At+1 is technology, Lt+1 is

labour, L0 is overhead labour, Kt is business capital, γz1 is oil’s share of pro-
duction and γz2 is labour’s share of production.

We can write the capital stock as the sum of past investment

Kt = Ik
t + (1− δk)Kt−1

=
t∑

j=1

Ik
j (1− δk)

t−j + Ik
0 (1− δk)

t + (1− δk)
t+1K−1.

Plugging this into the date t+ 1 production function gives

7 Using the equilibrium condition K ′
t = Kt−1.

8 Using the equilibrium condition K ′
t = Kt−1.
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Zt+1 = (F z
t+1)

γz1 [At+1(Lt+1 − L0)]
γz2

 t∑
j=1

Ik
j (1− δk)

t−j+

Ik
0 (1− δk)

t + (1− δk)
t+1K−1

)1−γz1−γz2

.

Differentiating with respect to date 0 business investment gives

∂(P z
t+1Zt+1)

∂Ik
0

= (1− γz1 − γz2)P
z
t+1(F

z
t+1)

γz1 [At+1(Lt+1 − L0)]
γz2 × t∑

j=1

Ik
j (1− δk)

t−j + Ik
0 (1− δk)

t + (1− δk)
t+1K−1

−γz1−γz2

(1− δk)
t

= (1− γz1 − γz2)P
z
t+1(F

z
t+1)

γz1 [At+1(Lt+1 − L0)]
γz2 (Kt)

−γz1−γz2(1− δk)
t

= (1− γz1 − γz2)P
z
t+1

Zt+1

Kt

(1− δk)
t

=Rt+1(1− δk)
t

Which shows that Rt+1(1 − δ)t is the marginal product of date 0 business
investment at date t+ 1.

2.5.2 Housing capital

We can also combine the Euler equation for housing capital and the Euler
equation for debt and then rewrite this result, either in its Fisher equation
form or as an asset price.

Fisher equation form:

Combining the Euler equation for housing with the Euler equation for debt
gives:

ΛtΦ
h
t exp(−εΦh

t ) =

[
βωh

Ht

+ β Et Λt+1Φ
h
t+1(1− δh)

]
, (55)

β Et Λt+1(1 + rh
t ) exp(−εc

t − εΦh
t )Φh

t =

[
βωh

Ht

+ β Et Λt+1Φ
h
t+1(1− δh)

]
. (56)
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Dividing through by β Et Λt+1 gives

(1 + rh
t ) exp(−εc

t − εΦh
t ) = Et

[
ωh

Φh
t Λt+1Ht

+
(

Φh
t+1

Φh
t

)
(1− δh)

]
. (57)

Taking a first order Taylor series approximation of the shock terms (exp(−εc
t−

εΦh
t ) ≈ 1−εc

t−εΦh
t ) and rewriting the gross inflation rate of house prices gives:

(1 + rh
t )(1− εc

t − εΦh
t ) ≈ Et

[
ωh

Φh
t Λt+1Ht

+
(
1 +

Φ̇h
t+1

Φh
t

)
(1− δh)

]
, (58)

where Φh
t+1 = Φ̇h

t+1 + Φh
t .

Expanding out the terms gives

1+rh
t −εc

t−εΦh
t −rh

t ε
c
t−rh

t ε
Φh
t ≈ Et

[
ωh

Φh
t Λt+1Ht

+ 1 +
Φ̇h

t+1

Φh
t
− δh − δh

Φ̇h
t+1

Φh
t

]
(59)

Which simplifies to

rh
t − εc

t − εΦh
t ≈ Et

[
ωh

Φh
t Λt+1Ht

+
Φ̇h

t+1

Φh
t
− δh

]
(60)

because rh
t ε

c
t , r

h
t ε

Φh
t and δh

Φ̇h
t+1

Φh
t

are small.

We can then rearrange to get this in Fisher equation form:

Et

[
ωh

Φh
t Λt+1Ht

− δh

]
≈ rh

t − Et

(
Φ̇h

t+1

Φh
t

)
− εc

t − εΦh
t (61)

Et

(
P hs

t+1

Φh
t
− δh

)
≈ rh

t − Et

(
Φ̇h

t+1

Φh
t

)
− εc

t − εΦh
t (62)

where we define P hs
t+1 ≡ ωh

Λt+1Ht
as the rental on housing services.

Asset price form:

We can also rewrite the price of housing as an asset price, the sum of the
discounted future stream of earnings. We begin from equation (55)
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β Et Λt+1(1 + rh
t ) exp(−εc

t)Φ
h
t =

[
βωh

Ht

+ β Et Λt+1Φ
h
t+1(1− δh)

]
exp(εΦh

t ).

(63)

Dividing through by β and Et Λt+1 gives

(1 + rh
t ) exp(−εc

t)Φ
h
t = Et

[
ωh

Λt+1Ht

+ Φh
t+1(1− δh)

]
exp(εΦh

t ). (64)

Dividing through by (1 + rh
t ) exp(−εc

t) gives

Φh
t = Et

 ωh

Λt+1Ht
+ Φh

t+1(1− δh)

1 + rh
t

 exp(εc
t + εΦh

t ). (65)

Solving this forward by substituting in the terms for future house prices gives

Φh
0 = E0

∞∑
t=0

 ωh

Λt+1Ht
(1− δh)

t

Πt
j=0(1 + rh

j )

 exp(εc
0 + εΦh

0 ), (66)

Φh
0 = E0

∞∑
t=0

[
P hs

t+1(1− δh)
t

Πt
j=0(1 + rh

j )

]
exp(εc

0 + εΦh
0 ). (67)

We can see that house prices can be expressed as the sum of their discounted
future stream of (imputed) earnings or marginal utilities of housing services.

2.5.3 Consumption euler equations

Combining the first order condition for debt with the first order conditions for
non-tradables consumption, tradables consumption and consumption of petrol
gives their respective Euler equations

Et

(
Cn

t+1−χCn
t

Cn
t −exp(εcn

t )χCn
t−1

)
= β Et

(
1+rh

t

1+πn
t+1

)
exp(−εc

t), (68)

Et

(
Cτ

t+1−χCτ
t

Cτ
t −χCτ

t−1

)
= β Et

(
1+rh

t

1+πτ
t+1

)
exp(−εc

t), (69)

Et

(
Cf

t+1−χCf
t

Cf
t −χCf

t−1

)
= β Et

(
1+rh

t

1+πf
t+1

)(
ϕC

t

ϕC
t+1

)
exp(−εc

t). (70)

(71)

22



2.6 Investment

Households also choose housing investment and business investment, which
gives us the following first order conditions

∂Lt

∂Ik
t

=−ΛtP
τ
t − ΛtιkP

τ
t Ī

k
t

[
log Ik

t − log Īk
t−1 − εik

t

] (
1
Ik
t

)
+ ΛtΦ

k
t = 0, (72)

∂Lt

∂Ih
t

=−ΛtP
c
t − ΛtιhP

c
t Ī

h
t

[
log Ih

t − log Īh
t−1 − εih

t

] (
1
Ih
t

)
+ΛtΦ

H
t γh(I

h
t )γh−1 = 0. (73)

In symmetric equilibrium Īh
t = Ih

t and Īk
t = Ik

t so that

Φk
t /P

τ
t = 1 + ιk

(
log Ik

t − log Ik
t−1 − εik

t

)
, (74)

γhΦh
t (Ih

t )
γh−1

P c
t

= 1 + ιh
(
log Ih

t − log Ih
t−1 − εih

t

)
. (75)

These can be interpreted as the demand functions for business and residential
investment respectively. They are also the supply functions for new business
capital and new housing capital, respectively.

Installation costs on business and residential investment imply demand for
business and residential capital is downward sloping in the short run, and the
supply of new business and housing capital is upward sloping in the short run.
To see this we can log linearise equations (74) and (75), and rearrange to get

îkt =
(

1
ιk

) [
φ̂k

t − p̂τ
t

]
+ îkt−1 + εik

t , (76)

îht =
(

1
ιh−γh+1

) [
φ̂h

t − p̂c
t + ιh(̂i

h
t−1 + εih

t )
]
, (77)

where îkt ≡ log
(

Ik
t

Ik

)
, φ̂k

t ≡ log
(

Φk
t

Φk

)
p̂τ

t ≡ log
(

P τ
t

P τ

)
, îht ≡ log

(
Ih
t

Ih

)
, φ̂h

t ≡

log
(

Φh
t

Φh

)
and p̂c

t ≡ log
(

P c
t

P c

)
.

Business investment îkt is negatively related to the price of tradable goods p̂τ
t ,

implying that demand for business investment is downward sloping. Business
investment is positively related to the price of business capital φ̂k

t implying

that the supply of new business capital is upward sloping. −
(

1
ιk

)
is the own
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price elasticity of demand, and
(

1
ιk

)
and the own price elasticity of supply.

Note that in the steady state îkt = îkt−1, implying that supply and demand are
perfectly elastic in the steady state.

We have a similar interpretation for residential investment, except there are
decreasing returns in the production of new houses, which means landlords
face a downward sloping demand curve for residential investment even in the
steady state. The supply of new houses is also upward sloping in the steady
state.

If we assume that Y h
t = (Ih

t )γh is the production function for new housing, and
we ignore the adjustment cost terms, we can rewrite the demand for residential
investment as

Ih
t = γh

Φh
t Y

h
t

P c
t

, (78)

which shows that Ih
t is negatively related to P c

t (demand is downward sloping).

Rearranging for Φh
t the price of new housing gives

Φh
t =

P c
t I

h
t

γhY h
t

. (79)

Substituting in Ih
t = (Y h

t )
1

γh gives

Φh
t =

P c
t (Y h

t )
1

γh
−1

γh

,

where 1
γh
− 1 > 0, ensures that we have an upward sloping supply curve for

new houses.

3 Firms

In this section we solve the firms’ problems in the intermediate goods pro-
ducing sector, the tradables sector, the non-tradables sector, the construction
sector and manufactured exports producing sector.
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3.1 Intermediate goods producing sector

Intermediate goods producers maximise the sum of their discounted future
stream of profits

E0

∞∑
t=0

βtΛt

{
P z

t Zt − P f
t F

z
t −WtLt −RtK

′
t

−1
2
φzP

f
t F̄

z
t

[
log(F z

t /Z̄t)− log(F̄ z
t−1/Z̄t−1)

]2}
,

subject to a production function,

Zt = (F z
t )γz1 [At(Lt − L0)]

γz2 (K ′
t)

1−γz1−γz2 ,

by choosing oil, labour and capital in each period.

P z
t denotes the price of intermediate goods, Zt is the intermediate good, F z

t

is the quantity of oil used in the production of intermediate goods, φz is an
adjustment cost on the demand for oil, γz1 is oil’s share of income, γz2 is
labour’s share of income, K ′

t is the intermediate firm’s demand for capital, L0

is overhead labour, At is technology. Bars over variables indicate that the firm
is too small to take into account its own actions on these variables directly
when optimising.

We set up the Lagrangean:

L0 = E0

∞∑
t=0

βtΛt

 P z
t Zt − P f

t F
z
t −WtLt −RtK

′
t

−1
2
φzP

f
t F̄

z
t

[
log(F z

t /Z̄t)− log(F̄ z
t−1/Z̄t−1)

]2


− E0

∞∑
t=0

βtΛtΦ
z
t

{
Zt − (F z

t )γz1 [At(Lt − L0)]
γz2 (K ′

t)
1−γz1−γz2

}
, (80)

where Φz
t is the Lagrange multiplier associated with the demand constraint.

This can also be interpreted as the marginal cost.

We get the following first order conditions:
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∂Lt

∂K ′
t

=−Rt + (1− γz1 − γz2)
Φz

tZt

K ′
t

= 0, (81)

∂Lt

∂Lt

=−Wt + γz2
Φz

tZt

Lt − L0

= 0, (82)

∂Lt

∂F z
t

=−P f
t + γz1

Φz
tZt

F z
t

= 0, (83)

(84)

which we can rearrange to get the demand functions for capital, labour and
oil, respectively:

K ′
t = (1− γz1 − γz2)

P z
t Zt

Rt

, (85)

Lt = γz2
P z

t Zt

Wt

+ L0, (86)

F z
t = γz1

P z
t Zt

P f
t

. (87)

(88)

Perfect competition implies that price is set equal to marginal cost, P z
t = Φz

t .

3.2 Tradables

Tradables goods producers maximise the sum of their discounted future stream
of profits

E0

∞∑
t=0

βtΛt

{
pτ

ity
τ
it − P f

t f
τ
it − P z

t z
τ
it − P q

t m
q
it exp(ψq + εmq

t )

− 1
2
φτP

f
t F

τ
t

[
log(f τ

it/Y
τ
t )− log(F τ

t−1/Y
τ
t−1)

]2
−1

2
ξτP

τ
t Y

τ
t

[
∆ log pτ

it −∆ logP τ
t−1 − εpτ

t

]2}
,

subject to a production function

yτ
it = Aτ

t (f
τ
it)

γτ1(zτ
it)

γτ2(mq
it exp(ψq + εmq

t ))1−γτ1−γτ2 ,

and a CES demand function

yτ
it = (pτ

it/P
τ
t )−εY τ

t ,

26



where Y τ
t =

(∫ 1
0 (yτ

it)
1− 1

ε di
) ε

ε−1 is aggregate tradables, yτ
it is firm i’s production

of tradable goods, P τ
it =

(∫ 1
0 (pτ

it)
1−ε di

) 1
1−ε is the aggregate price of tradables,

pτ
it is the price of the ith variety of tradable good. f τ

it,z
τ
it and mq

it are firm i’s
demands for oil, the intermediate good and non-oil imports in the production
of tradable goods, respectively. F τ

t is the aggregate demand for oil in the
tradable sector, φτ is the weight on the adjustment costs for oil, ξτ is the weight
on the price adjustment costs (controls the degree of price stickiness), Aτ

t is a
sector specific tradable technology process, ψq is a scaling parameter, εmq

t is a
non-oil import shock, γτ1 is oil’s share of production and γτ2 is intermediate’s
share of production.

Setting up the Lagrangean:

L0 = E0

∞∑
t=0

βtΛt

{
pτ

ity
τ
it − P f

t f
τ
it − P z

t z
τ
it − P q

t m
q
it exp(ψq + εmq

t )

− 1
2
φτP

f
t F

τ
t

[
log(f τ

it/Y
τ
t )− log(F τ

t−1/Y
τ
t−1)

]2
−1

2
ξτP

τ
t Y

τ
t

[
∆ log pτ

it −∆ logP τ
t−1 − εpτ

t

]2}
− E0

∞∑
t=0

βtΛtΦ
τ
it

{
yτ

it − Aτ
t (f

τ
it)

γτ1(zτ
it)

γτ2(mq
it exp(ψq + εmq

t ))1−γτ1−γτ2

}
. (89)

Substituting in the CES demand functions for yτ
it

L0 = E0

∞∑
t=0

βtΛt

{
pτ

it(p
τ
it/P

τ
t )−εY τ

t − P f
t f

τ
it − P z

t z
τ
it − P q

t m
q
it exp(ψq + εmq

t )

− 1
2
φτP

f
t F

τ
t

[
log(f τ

it/Y
τ
t )− log(F τ

t−1/Y
τ
t−1)

]2
−1

2
ξτP

τ
t Y

τ
t

[
∆ log pτ

it −∆ logP τ
t−1 − εpτ

t

]2}
−E0

∞∑
t=0

βtΛtΦ
τ
it

{
(pτ

it/P
τ
t )−εY τ

t − Aτ
t (f

τ
it)

γτ1(zτ
it)

γτ2(mq
it exp(ψq + εmq

t ))1−γτ1−γτ2

}
.

(90)

We get the following first order conditions:
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∂Lt

∂f z
it

=−P f
t −

φτ P f
t F τ

t

fτ
it

[
log(f τ

it/Y
τ
t )− log(F τ

t−1/Y
τ
t−1)

]
+γτ1

(
Φτ

ity
τ
it

f τ
it

)
= 0, (91)

∂Lt

∂zτ
it

=−P z
t + γτ2

(
Φτ

ity
τ
it

zτ
it

)
= 0, (92)

∂Lt

∂mq
it

=−P q
t exp(ψq + εmq

t ) + (1− γτ1 − γτ2)

(
Φτ

ity
τ
it

mq
it

)
= 0, (93)

(94)

∂Lt

∂pτ
it

= (1− ε) (pτ
it/P

τ
it)

−ε Y τ
t − ξτP

τ
t Y

τ
t

[
∆ log pτ

it −∆ logP τ
t−1 − εpτ

t

] (
1

pτ
it

)
+ βξτP

τ
t+1Y

τ
t+1

[
∆ log pτ

it+1 −∆ logP τ
t

] (
1

pτ
it

)
+ εΦτ

it(p
τ
it)

−ε−1(P τ
t )εY τ

t = 0.

(95)

Rearranging these, gives the following demand equations:

γτ1 Φτ
ity

τ
it = P f

t f
τ
it + φτP

f
t F

τ
t

[
log(f τ

it/Y
τ
t )− log(F τ

t−1/Y
τ
t−1)

]
, (96)

γτ2 Φτ
ity

τ
it = P z

t z
τ
it, (97)

(1− γτ1 − γτ2) Φτ
ity

τ
it = P q

t m
q
it exp(ψq + εmq

t ). (98)

The first order condition for prices can be rewritten as

ε
ε−1

Φτ
it/P

τ
t − (pτ

it/P
τ
t ) =

ξτ

ε−1

[
Aτ

(
∆ log pτ

it −∆ logP τ
t−1 − εpτ

t

)
− EtBτ

(
∆ log pτ

it+1 −∆ logP τ
t

)]
, (99)

where

Aτ ≡ (pτ
it/P

τ
t )ε , (100)

Bτ ≡
βΛt+1

Λt

P τ
t+1Y

τ
t+1

P τ
t Y

τ
t

(
pτ

it

P τ
t

)ε

. (101)

Substituting equations (96), (97) and (98) into the tradable production func-
tion and canceling terms gives
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Φτ
t

P τ
t

=
(

1
Aτ

t P τ
t

) (
P f

t ϕf
t

γτ1

)γτ1 (
P z

t

γτ2

) (
P q

t

1−γτ1−γτ2

)1−γτ1−γτ2

, (102)

where ϕf
t = 1+φτ

[
log (F τ

t /Y
τ
t )− log

(
F τ

t−1/Y
τ
t−1

)]
is the first derivative of the

oil adjustment cost with respect to the demand for oil.
Φτ

t

P τ
t

can be interpreted

as the real marginal cost in the tradable sector. Note that we can drop the
i subscript on the real marginal cost term because their is a common factor
market.

We can rearrange equation (99), and take a first order Taylor series expansion
to get the Phillips curve for the tradable sector, just as we did for the wage
Phillips curve (equation (29)) in the household’s problem

πτ
t−πτ

t−1 =
(

ε−1
ξτ

) [
γτ1 p̂

f/τ
t − γτ2 p̂

z/τ
t − (1− γτ1 − γτ2) p̂

q/τ
t − âτ

t

]
+β Et

(
πτ

t+1 − πτ
t

)
+εpτ

t ,

(103)

where p̂
f/τ
t ≡ p̂f

t +φτ

[
f̂ τ

t − f̂ τ
t−1 − ŷτ

t + ŷτ
t−1

]
−p̂τ

t , p̂
z/τ
t ≡ p̂z

t−p̂τ
t , p̂

q/τ
t ≡ p̂q

t−p̂τ
t

and âτ ≡ log
(

Aτ
t

Aτ

)
.

3.3 Non-tradables

Non-tradables firms maximise the sum of their discounted future stream of
profits

E0

∞∑
t=0

βtΛt

{
pn

ity
n
it − P z

t z
n
it − 1

2
ξnP

n
t Y

n
t

[
∆ log pn

it −∆ logP n
t−1 − εpn

t

]2}
,

(104)

subject to the production function

yn
it = An

t (zn
it)

γn , (105)

and the CES demand for their variety of product

yn
it = (pn

it/P
n
t )−ε Y n

t , (106)
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where pn
it is the price set by the ith firm, yn

it is the demand for the ith firm’s
variety, zn

it is the ith firm’s demand for the intermediate good, P n
t is the ag-

gregate price of non-tradable goods, Y n
t is the aggregate non-tradable output,

An
t is the sector specific technology for non-tradables, γn is the intermediate

good’s share of non-tradables, ξn is a sector specific price adjustment cost
parameter that controls the stickiness of non-tradables goods prices.

Setting up the Lagrangean

L0 = E0

∞∑
t=0

βtΛt

{
pn

it (pn
it/P

n
t )−ε Y n

t − P z
t z

n
it

−1
2
ξnP

n
t Y

n
t

[
∆ log pn

it −∆ logP n
t−1 − εpn

t

]2}
− E0

∞∑
t=0

βtΛtΦ
n
it

{
(pn

it/P
n
t )−ε Y n

t − An
t (zn

it)
γn ,

}
, (107)

where Φn
it denotes the Lagrange multiplier for the production constraint. The

firm chooses the quantity of intermediate goods and the price for their variety
of good. We then obtain the following first order condition with respect to
intermediate goods.

γnΦn
ity

n
it = P z

t z
n
it, (108)

zn
it =

γnΦn
ity

n
it

P z
t

, (109)

and with respect to the ith firm’s price pn
it

ε
ε−1

Φn
it/P

n
t − (pn

it/P
n
t ) =

ξn

ε−1

[
An

(
∆ log pn

it −∆ logP n
t−1 − εpn

t

)
− EtBn

(
∆ log pn

it+1 −∆ logP n
t

)]
,

(110)

where

An ≡ (pn
it/P

n
t )ε ,
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Bn ≡
βΛt+1

Λt

P n
t+1Y

n
t+1

P n
t Y

n
t

(
pn

it

P n
t

)ε

,

Φn
it

P n
t

=
P z

t z
n
it

γnP n
t y

τ
it

= (1/γn)

(
P z

t

P n
t A

τ
t

)(
yn

it

An
t

) 1
γn

−1

.

In equilibrium An = 1 and Bn = βΛt+1

Λt

P n
t+1Y n

t+1

P n
t Y n

t
. Taking a first order Taylor

series expansion of equation (110) around its steady state (i.e. ∆ log pn
i =

∆ logP n = πn) gives Bn

(
∆ log pn

it+1 −∆ logP n
t

)
≈ β(πn

t+1 − πn
t ). We obtain

the following Phillips curve relationship

πn
t − πn

t−1 =
(

ε−1
ξn

) [(
ε

ε−1

)
(Φn

t /P
n
t )− 1

]
+ Et β

(
πn

t+1 − πn
t

)
+ εpn

t . (111)

We can take a first order Taylor series expansion of the real marginal cost
term around its steady state:

(
ε

ε−1

)
(Φn

t /P
n
t )− 1 =

(
ε

ε−1

)
Φn

P n
exp(φ̂n)
exp(p̂n)

− 1

= exp(φ̂n
t − p̂n

t )− 1

≈ 1 + φ̂n
t − p̂n

t − 1

≈ φ̂n
t − p̂n

t , (112)

where φ̂n
t ≡ log

(
Φn

t

Φn

)
and p̂n

t ≡ log
(

P n
t

P n

)
.
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From the definition of marginal cost, Φn
t = (1/γn)

(
P z

t

An
t

) (
Y n

t

An
t

) 1
γn

−1
: 9

φ̂n
t = p̂z

t − ân
t +

(
1
γn
− 1

)
(ŷn

t − ân
t ) , (113)

where ân
t ≡ log

(
An

t

An

)
and ŷn

t ≡ log
(

Y n
t

Y n

)
.

Substituting this back into equation (111) gives

πn
t − πn

t−1 =
(

ε−1
ξn

) [
p̂

z/n
t − ân

t +
(

1
γn
− 1

)
(ŷn

t − ân
t )
]
+ Et β

(
πn

t+1 − πn
t

)
+ εpn

t ,

(114)

where p̂
z/n
t ≡ p̂z

t − p̂n
t = log

(
P z

t

P z

)
− log

(
P n

t

P n

)
.

3.4 Construction

Firms producing residential investment goods, maximise the sum of their dis-
counted future stream of profits

E0

∞∑
t=0

βtΛt

{
pc

ity
c
it − P z

t z
c
it − 1

2
ξcP

c
t Y

c
t

[
∆ log pc

it −∆ logP c
t−1 − εpc

t

]2}
,

subject to a production function

yc
it = Ac

t (zc
it)

γc ,

9 Rearranging equation (108) for marginal cost gives

Φn
it =

P z
t zn

it

γnyn
it

.

Rearranging the production function for zn
it =

(
yn

it
An

t

) 1
γn and substituting this into

our marginal cost term gives

Φn
it =

(
1
γn

)(
P z

t

An
t

)(
yn

it

An
t

) 1
γn

−1

.

Common factor markets means that in a symmetric equilibrium we can drop the i
subscripts.
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and the CES demand function for their variety of residential investment good

yc
it = (pc

it/P
c
t )−ε Y c

t ,

where pc
it is the price of the ith firm’s output, yc

it is the demand for the ith
firm’s output, zc

it is the ith construction firm’s demand for intermediate goods,
P c

t is the aggregate price for residential investment, Y c
t is aggregate residential

investment, ξc is a sector specific adjustment cost, εpc
t is a construction cost

push shock, Ac
t is sector specific technology in the construction sector and γc

is intermediate’s share of production in residential investment.

Denoting the lagrange multiplier associated with the production function as
Φc

it gives the first order condition with respect to the intermediate good,

γcΦ
c
ity

c
it = P z

t z
c
it, (115)

and the first order condition with respect to the price as,

ε
ε−1

Φc
it/P

c
t − (pc

it/P
c
t ) =

ξc

ε−1

[
Ac

(
∆ log pc

it −∆ logP c
t−1 − εpc

t

)
− EtBc

(
∆ log pc

it+1 −∆ logP c
t

)]
,

(116)

where

Ac ≡ (pc
it/P

c
t )ε ,

Bc ≡
βΛt+1

Λt

P c
t+1Y

c
t+1

P c
t Y

c
t

(
pc

it

P c
t

)ε

,

Φc
it

P c
t

=
P z

t z
c
it

γcP c
t y

c
it

= (1/γc)

(
P z

t

P c
t A

c
t

)(
yc

it

Ac
t

) 1
γc
−1

, (117)

where
Φc

it

P c
t

can be interpreted as the real marginal cost faced by the ith firm in

the construction sector.

Taking a first order Taylor series approximation of the last term in equation
(116) and the real marginal cost term, and with some rearranging, we get the
following Phillips curve
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πc
t − πc

t−1 =
(

ε−1
ξc

) [
p̂

z/c
t − âc

t +
(

1
γc
− 1

)
(ŷc

t − âc
t)
]
+ Et β(πc

t+1 − πc
t ) + εpc

t

Where p̂
z/c
t ≡ p̂z

t − p̂c
t = log

(
P z

t

P z

)
− log

(
P c

t

P c

)
, ŷc

t ≡ log
(

Y c
t

Y c

)
and âc

t ≡ log
(

Ac
t

Ac

)
.

3.5 Manufactured exports

Firms producing manufactured exports producers maximise the sum of their
discounted future stream of profits

E0

∞∑
t=0

βt Λt

St

{
pv∗

it x
v
it − StP

z
t z

v
it − 1

2
ξvP

v∗
t Xv

t

[
∆ log pv∗

it −∆ logP v∗
t−1 − εpv

t

]2}
,

subject to a production function

xv
it = Av

t (zv
it)

γv ,

and a CES demand function

xv
it = (pv∗

it /P
v∗
t )−εXv

t ,

where pv∗
it is the price set by the ith manufacturing export firm, xv

it is the
demand for the ith firm’s variety of export good, zv

it is the ith exporting firm’s
demand for the intermediate good, ξv is a sector specific cost parameter, Av

t

is sector specific technology in the manufactured export sector and γv is the
intermediate’s share of manufactured exports.

Letting Φv
it denote the lagrange multiplier associated with the production con-

straint, we get the first order condition associated with the intermediate good

γvΦ
v
itx

v
it = P v

t z
v
it, (118)

and the first order condition associated with prices,
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ε
ε−1

(StΦ
v
it)/P

v∗
t − (pv∗

it /P
v∗
t ) =

ξv

ε−1

[
Av

(
∆ log pv∗

it −∆ logP v∗
t−1 − εpv

t

)
− EtBv

(
∆ log pv∗

it+1 −∆ logP v∗
t

)]
,

(119)

where

Av ≡ (pv∗
it /P

v∗
t )ε ,

Bv ≡
βΛt+1

Λt

St

St+1

P v∗
t+1X

v
t+1

P v∗
t Xv

t

(
pv∗

it

P v∗
t

)ε

.

Φv
it

P v
t

=
P z

t z
v
it

γvP v
t x

v
it

= (1/γv)

(
P z

t

P v
t A

v
t

)(
xv

it

Av
t

) 1
γv
−1

, (120)

where
Φv

it

P v
t

can be interpreted as the real marginal cost (in domestic currency)

of producing manufactured exports by firm i. Taking a Taylor series approx-
imation of the second term on the right hand side of equation (119) and the
real marginal cost term, and rearranging gives the following Phillips curve:

πv∗
t − πv∗

t−1 =
(

ε−1
ξv

) [
p̂z/v∗ − âv

t +
(

1
γv
− 1

)
(x̂v

t − âv
t )
]
+ Et β(πv∗

t+1 − πv∗
t ) + εpv

t

(121)

Where p̂z/v∗ ≡ p̂z
t−p̂v∗

t = log
(

P z
t

P z

)
−log

(
P v

t

P v

)
, âv

t ≡ log
(

Av
t

Av

)
and x̂v

t ≡ log
(

Xv
t

Xv

)
.

4 Foreign economy

The foreign economy produces output according to the Cobb Douglas produc-
tion technology:

Y ∗
t =

(
Xd

t

)ω
(Xv

t )1−ω

Where Y ∗
t is foreign GDP, Xd

t is the demand for domestically produced com-
modity exports, Xv

t is the demand for domestically produced manufactured
exports and ω is commodity’s share of income.
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The foreign economy is perfectly competitive, and maximises profits:

E0

∞∑
t=0

βtΛ∗
t

{
Pw∗

t Y ∗
t − Pw∗

t Xd
t − P v∗

t Xv
t − 1

2
ηdP

w∗
t X

d
t

[
logXd

t − logX
d
t−1 − εxd

t

]2
−1

2
ηvP

v∗
t X

v

t

[
logXv

t − logX
v

t−1 − εxv
t

]2}

subject to the production function

Y ∗
t =

(
Xd

t

)ω
(Xv

t )1−ω ,

by choosing the quantities of commodity and manufactured imports. This
gives us the following first order conditions:

ω
Pw∗

t Y ∗
t

P d∗
t Xd

t

= 1 + ηd

[
logXd

t − logXd
t−1 − εxd

t

]
, (122)

(1− ω)
Pw∗

t Y ∗
t

P v∗
t Xv

t

= 1 + ηv

[
logXv

t − logXv
t−1 − εxv

t

]
, (123)

where Λ∗
t is the marginal utility of consumption in the foreign country, Pw∗

t

is the world price level denominated in foreign currency, P v∗
t is the aggregate

price level for manufactured exports denoted in foreign currency, ηd and ηx

are the weights on the adjustment costs for commodity and manufactured
exporters respectively, and εxd

t and εxv
t are demand shocks to commodity and

manufactured exporters respectively.

We believe that commodity exports are not price sensitive, that is there is
a time to build element to them, whatever is produced is sold on the world
market. For this reason we drop the prices from the commodity export demand
equation so that equation (122) becomes

ω
Y ∗

t

Xd
t

= 1 + ηd

[
logXd

t − logXd
t−1 − εxd

t

]
. (124)
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